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This dissertation presents studies of topological superconductivity in Chern
insulator systems. In particular, when a Chern insulator such as a quantum
Hall or a quantum anomalous Hall system is proximity coupled to a trivial
s-wave superconductor. While quantum anomalous Hall based system is in-
vestigated in detail in both one and two dimensions, the focus is solely on two
dimensions in quantum Hall bases system. Both quantum Hall and quantum
anomalous Hall break time reversal (T )-symmetry. Hence throughout this the-
sis, we focus on the T -symmetry broken topological superconductor systems,
which fall in the class D of the Altland-Zirnbauer classification.
After a brief introduction to thesis in chapter 1 and review of topological
superconductivity in chapter 2, in chapter 3, a realistic system motivated from
the experimental observation of the quantum anomalous Hall effect is consid-
ered. The focus of this chapter is on one dimensional (1D) topological super-
conducting phase in thin ribbon geometries [Phys. Rev. B 97, 081102(R)].
It identifies the quantum anomalous Hall based system as highly controllable
platform for Majorana zero modes, which can be potentially used as Majorana
braiding device.
In chapter 4, two dimensional (2D) topological superconducting phase in
the quantum Hall based system is studied [arXiv:1903.12249]. Because of
the inherent requirement of the external magnetic field to achieve quantum
Hall physics, this system requires consideration of vortex lattice phase in the
parent superconductor. It is shown that the topological superconducting phase
vii
is determined by the type of vortex lattice. Hence, making quantum Hall
based system different than quantum anomalous Hall based system, giving
much richer phase diagram. Experimental protocol to engineer and observe
Majorana edge modes in this system is also discussed.
In chapter 5, reentrant superconductivity under magnetic fields beyond
semiclassical critical magnetic field is discussed. It is argued that recently dis-
covered superconductivity in magic angle twisted bilayer graphene (MATBG)
can be a promising ground to observe this phase.
In chapter 6, recent transport experiments in quantum anomalous Hall/sup-
erconductor devices are discussed. The two main experiments on this system
have contradictory results and there is widespread debate on possible explana-
tions of the experimental observations, which can born out of chiral Majorana
mode (i.e. topological) or disorder (i.e. trivial). The main arguments on both
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The discovery of the quantum Hall effect [1] started a new paradigm in
condensed matter physics, related to the topological phases of quantum mat-
ter [2]. When a two-dimensional electron system (2DES) is under strong per-
pendicular magnetic field, the bulk becomes insulating, with conducting edge
states [3, 4]. The Hall conductance becomes quantized in the unit of e2/h
and has mere uncertainty of one parts per billion, which survives even in
the presence of disorder. This extraordinary quantization is due to the topo-
logical robustness first pointed out by Thouless and collaborators [5, 6]. It
was shown by Haldane [7] using a lattice model for graphene with complex
next-nearest neighbor hopping, that magnetic field is not a requirement for
quantized Hall conductance. Thus termed quantum anomalous Hall effect,
shows the same topological character as quantum Hall effect without external
magnetic field. The quantum anomalous Hall effect was later experimentally
observed in magnetically doped thin films of three dimensional 3D topological
insulator (TI) [8].
The Quantum Hall effect is the earliest known example of topological
phase and together with its close cousin quantum anomalous Hall effect forms
the most well understood class of topological phases, i.e. Chern insulators.
Chern insulators have broken T -symmetry, and the bulk insulating phase is
protected by the chiral conducting edge states. The topological invariant is
the integral of Berry curvature over the Brillouine zone [9], which is also equal
to the number of chiral edge modes.
Topological superconductivity, which is the focus of this thesis, is the
generalization of the concept of topology from an insulating system to the
superconducting system [10]. At the mean-field approximation, superconduc-
tivity is described by the Bogoliubov-de Gennes (BdG) Hamiltonian in the
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electron-hole basis. The eigenstates of the superconducting BdG Hamiltonian
describe the Bogoliubov quasiparticles. In the language of the Bogoliubov
quasiparticles, the system is effectively non-interacting. The topological su-
perconductivity then corresponds to the non-trivial topology of the mean-field
BdG Hamiltonian, which in many cases is mathematically similar to the non-
trivial topology describing the non-interacting electron Hamiltonian.
The BdG formulation doubles the Hilbert space of the system via in-
troducing particle-hole redundancy. Because of the particle-hole symmetry
(redundancy), for a topological superconductor the boundary modes coming
from the non-trivial topology are equal superposition of electrons and holes.
The creation and annihilation operators of these boundary modes follow a pe-
culiar relation γ̂k = γ̂
†
−k for the propagating edge modes of a 2D-topological
superconductor or γ̂ = γ̂† for point like modes at the end on one dimensional
(1D)-topological superconductor. This peculiar relation is reminiscent to the
Majorana Fermions first proposed in high energy physics context as real so-
lutions of the free particle Dirac equation by Ettore Majorana [11, 12]. The
Majorana Fermion is its own antiparticle. The Majorana modes found in topo-
logical superconductors are quasiparticle analogue of the Majorana Fermions.
However, unlike the free Majorana Fermions, the Majorana modes do not
follow Fermionic exchange statistics. In 2D, the Majorana modes follow non-
Abelian exchange statistics, for which they are shown to be of importance in
topological quantum computation [13]. Because of their fundamental impor-
tance and potential applications alike, the quest for Majorana modes in 2DES
has been one of the most active areas of condensed matter research over the
past decade [14].
Since natural topological superconductors are rare, efforts have been made
to engineer them. The first success was achieved by proximity coupling semi-
conductor quantum wires with strong Rashba spin-orbit coupling to an s-wave
superconductor under a Zeeman field [15, 16, 17, 18, 19, 20, 21]. Topological
superconductivity can also be achieved by proximity coupling s-wave super-
conductors to TI surface states [22, 23, 24, 25, 26, 27, 28], placing magnetic ion
chains/islands on top of an s-wave superconductor [29, 30, 31], and occurs in
some Fe-based superconductors [32, 33, 34, 35]. For topological superconduct-
ing systems based on proximity-coupling to parent s-wave superconductors,
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the general scheme is to obtain the topological property from an exploitable
feature of the electronic structure of the host system, for example from the
large spin-splitting in the Dirac-like surface state of 2D band TI [22]. Alter-
nately, the topological nature can stem from single particle Chern bands [25].
This thesis focuses on possible topological superconductivity and the Ma-
jorana modes when Chern insulator system, such as when quantum Hall or
quantum anomalous Hall is proximity coupled to an s-wave superconductor.
In chapter 2, we first review the theory of T -symmetry broken topologi-
cal superconductivity in 1D and 2D. We show the presence of Majorana zero
modes at the end of a 1D topological superconductors and chiral Majorana
edge modes at the boundary of a 2D topological superconductor. A spinless
superconductor with p-wave pairing symmetry serves as the conceptually sim-
plest system to understand topological superconductivity and the Majorana
modes. In the later part, we study a model quantum anomalous Hall system
proximity coupled to an s-wave superconductor. We study the topological
phase diagram in this system and show the presence of topological supercon-
ducting phase by comparing the low energy effective Hamiltonian with a model
spinless p-wave superconductor.
In chapter 3, we study quantum wire geometry in a quantum anomalous
Hall system proximity coupled to an s-wave superconductor. A thin film of
magnetically doped topological superconductor can be used to achieve the
quantum anomalous Hall phase in the normal part. We show that quasi 1D
quantum wires can be defined on the surface of the magnetic-TI by gate ar-
rays. When the magnetic-TI is in the quantum anomalous phase, the the gate
defined quantum wires on the Magnetic-TI/superconductor hybrid systems
have especially broad stability regions for both topological and non-topological
states, facilitating creation and manipulation of the Majorana modes on the
surface of the magnetic TI. Majorana braiding is an essential fundamental
operation to achieve topological quantum computation and requires two di-
mensions to achieve. The quantum anomalous Hall based device is inherently
2D with quasi 1D regions defined by gates. This structure makes it an ideal
platform to braid Majorana with electrostatic gating.
In chapter 4, we study quantum Hall system proximity coupled to an s-
wave superconductor. In this system the electrons are Landau quantized in
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their normal state and superconductor exists in vortex lattice phase because of
the external magnetic field. We show that the appearance of topological super-
conducting phases with an odd number of Majorana edge modes is dependent
on the structure of the system’s vortex lattice. Hence, the vortex lattice struc-
ture is the main tuning knob for topological phases. More precisely, vortex
lattices containing odd number of superconducting flux quanta per unit cell,
always support an even number of chiral edge channels and are therefore adi-
abatically connected to normal quantum Hall insulators. We end the chapter
by discussing strategies to engineer chiral topological superconductivity in this
system by manipulating vortex lattice structure.
In chapter 5, we evaluate the sum of particle-particle ladder diagrams of
electrons in the Landau levels, interacting with each other via short range
attractive interaction. We consider a class of simple band models for the elec-
trons and show the reentrance of superconductivity beyond the semi-classical
upper critical magnetic field (Hc2). The reentrance of superconductivity is re-
lated to the very high density of states available to interacting electrons, when
a single Landau level is close to the Fermi level. We argue that the recently
discovered superconductivity in magic angle twisted bilayer graphene [36] is a
promising system to observe this remarkable phenomena. This chapter takes
a detour from the main focus on topological superconductivity in this thesis.
However, superconductivity under broken T -symmetry and Landau quantiza-
tion of pairing electron is well in line with rest of the thesis.
In chapter 6, we first review the recent experimental efforts in finding
2D topological superconductor and chiral Majorana edge mode in transport
experiments with quantum anomalous Hall system [26, 37, 38]. We highlight
the different possible experimental interpretations and contradicting nature of
the experimental findings in the above mentioned two experiments [26, 37].





In this chapter, we review the concept of the T -symmetry broken topolog-
ical superconductivity in both one 1D and 2D, using a model spinless super-
conductor with p-wave pairing symmetry [10, 39, 40]. In this model system,
we show the presence of Majorana modes. In the later part, we take a simple
quantum anomalous Hall model proximity coupled to s-wave superconductor
and show that the low energy effective Hamiltonian is similar to the model
chiral topological superconductor Hamiltonian in 2D [25]. This sets us in the
direction to study Chern insulators as a suitable platform for topological super-
conductivity and Majorana modes in detail in the following chapters [27, 41].
Here we mention that throughout this thesis our focus is on broken T -
symmetry systems, which fall into the class D of the Altland-Zirnbauer classi-
fication [42, 43]. Theoretically, based on the symmetry class the BdG Hamil-
tonians can have more exotic topological structure [43]. However, the most
experimental progress has been made in broken T -symmetry systems [18, 19,
20, 21, 23, 24, 25, 26, 27, 28, 29, 30, 31] and remain the focus here.
2.1 Topological superconductivity in one dimension: Ki-
taev chain









(tĉ†j ĉj+1 + ∆ĉj ĉj+1 + h.c.) , (2.1)
where all the length scales are normalized by the lattice constant. Here µ
is the chemical potential, t > 0 is the nearest neighbor hopping strength, ∆
is the superconducting pairing amplitude, and ĉj annihilates an electron at
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site j. Notice, because the electrons are spinless, the on-site superconducting
interaction is forbidden due to Pauli’s exclusion principle, and the simplest
allowed superconducting interaction is the nearest neighbor term. To study
the bulk properties of the chain, we use the periodic boundary condition and
first transform the Hamiltonian to momentum space (k ∈ [−π, π]) and then
use the particle-hole basis ψ̂k = [ĉk, ĉ
†
−k]














Here for the purpose of generality, we have written a more generic form of the
BdG Hamiltonian. For the particular case of superconducting Hamiltonian in
Eq. 2.1, the elements of the BdG Hamiltonian are simply
H0(k) = −t cos k − µ , ∆̂(k) = i∆ sin k . (2.3)
The effective pair potential in momentum space ∆(k) = i∆ sin k takes a
non-isotropic form, which has the p-wave form at low energy. The quasiparticle
spectrum of the above Hamiltonian is
E±(k) = ±
√
(t cos k + µ)2 + ∆2 sin2 k . (2.4)
If one tunes the chemical potential µ from a very large negative value to a
very large positive value, the spectrum becomes gapless with Dirac crossings
at k = 0 when µ = −t and at k = ±π when µ = t as shown respectively in
Fig. 2.1(b) and 2.1(d). The Dirac like gap closing and opening at isolated
points gives the first indication of topological nature of this Hamiltonian. As
we will show next, for |µ| < t the system is in topologically non-trivial phase
and |µ| > t, is in topologically trivial phase. Before going into the precise
definition of this topology, it is worthwhile to consider the limiting case of
non-trivial topology. In the limit |µ|  t,∆, one can ignore some terms in
the BdG Hamiltonian and write it as, HBdG ∼ µσz. Which simply describes a
trivial insulator, since as µ→ −∞, there are no electrons present. The empty
state is topologically trivial and the as long as the bulk gap does not close the






















Figure 2.1: The BdG quasiparticle spectrum for 1D Kitaev chain model as
chemical potential µ is tuned: (a) When µ = −2t, the gapped phase is topo-
logically equivalent to trivial vacuum. (b) At µ = −t, Dirac like gap closing
occurs at k = 0 point. (c) When |µ| < t, the gap opens and the gapped phase
is in topologically non-trivial regime. (d) At µ = t, Dirac like gap closing
occurs at k = ±π-points. (e) When µ = 2t, the gapped phase is topologically
equivalent to a trivial insulator.
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2.1.1 Z2-Topological invariant
The simplification of a 2 × 2 Hamiltonian makes it easier to understand
topological invariant in a more intuitive manner. The projection of a general
2× 2 Hamiltonian on Pauli matrices
H = h0(k)σ0 + h(k) · σ , (2.5)
has spectrum,
E(k) = h0(k)± |h(k)| , (2.6)
where h(k) = [hx(k), hy(k), hz(k) ]
T , σ = [σx, σy, σz]
T , and σj are the Pauli
matrices. The particle-hole redundancy introduced in BdG formulation makes
sure that for any 2 × 2 BdG construction of this type, h0(k) = 0. For the
particular BdG Hamiltonian in Eq. 2.3, hx(k) = 0, hy(k) = −∆ sin k, and
hz(k) = −t cos k − µ. One can then define a unit vector ĥ(k) = h(k)/|h(k)|,
which lies on a unit sphere shown in Fig. 2.2. Since hy(−k) = −hy(k) and
hz(k) = hz(−k), any position of the unit vector ĥ(k) at k is related by sym-
metry to its position at −k. Hence, one only needs to consider 0 ≤ k ≤ π.
The unit vector at the two extreme points takes the values:
ĥ(0) = −ẑ , (2.7a)
ĥ(π) = sgn(t− µ)ẑ . (2.7b)
Starting from k = 0, the unit vector ĥ is at the south pole irrespective
of the nature of the topology (See Fig. 2.2). In the topologically trivial phase
(i.e. |µ| > t) the unit vector stays in the lower hemisphere for all values
of k as shown in Fig. 2.2(a). In contrast to the topologically trivial phase, in
topologically non-trivial phase (i.e. |µ| < t), the unit vector starts at the south
pole at k = 0, but as k is increased, it moves towrds the northern hemisphere,
eventually ending up at the north pole at k = π as shown in Fig. 2.2(b). At
the critical point |µ| = t, the unit vector is not well defined. The topological
invariant can then be defined as
ν = ĥ(0) · ĥ(π) . (2.8)
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(a) (b)
Topologically trivial Topologically non-trivial
Figure 2.2: The Z2 topological invariant defined on the unit sphere: (a) In
the trivial phase, as one moves in the Brillouine zone, the unit vector ĥ(k)
remains in the southern hemisphere. (b) In the non-trivial phase, the unit
vector ĥ(k) starts at the south pole at k = 0 and ends up at the north pole at
k = π.
The topological invariant takes values +1 or−1 for the topologically trivial and
the non-trivial phase respectively, because of this, it is called Z2 topological
invariant [44, 45, 46, 47].
In the discussion above, we discarded half of the k-space. Such trick has
a physical origin. In the BdG formulation to describe superconductivity, the
Hilbert space was initially doubled by introducing the ψ̂ operator. Discarding
half of the k-space gets us back to the initially allowed number of states. Of
course, the discarded space does not provide any independent information,
since it is related by particle-hole transformation: (ψ̂†−k)
T = σxψ̂k. This makes
it clear that the particle-hole symmetries in BdG Hamiltonian are redundancies
created from doubling the Hilbert space. This is also one of the reason why
often a Majorana mode is interpreted as half of an electron mode. The fact
that the BdG transformation doubles the Hilbert space and eventually we have
to get rid-off this doubling to understand the real physical effect, will reappear
multiple times throughout this thesis.
Above, the use of a simple 2×2 BdG Hamiltonian allowed us to introduce
Z2-topological invariant in an intuitive form. For a generic Hamiltonian with a
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multi-component electron operator ĉik, where index i is some finite component
such as spin, orbital or layers along a finite direction of a quasi-1D structure
(such as studied in next chapter), the Z2 invariant is calculated following a
more generalized recipe [44]:
1. First skew-symmetrize the BdG Hamiltonian under the transformation
˜̂





















2. The Z2 invariant is then defined as
ν = sgn[Pf H̃BdG(0)] sgn[Pf H̃BdG(π)] , (2.11)
where Pf denotes the Pfaffian number, which is defined for a skew-
symmetric matrix A as,
(PfA)2 = det(A) . (2.12)
One can check the above definition reduces to Eq. 2.8 for the simple form of
the BdG Hamiltonian in Eq. 2.3.
2.1.2 Majorana representation
The simple 1D-spinless superconductor model described here is the famous
Kitaev chain model [44]. Kitaev solved the model in Majorana representation,
giving important insights on the nature of the boundary states when the sys-
tem is in topologically non-trivial regimes. In fact, the transformation U in
Eq. 2.9 is also the transformation to Majorana basis. In the real space, the
transformation U applied to electron creation and annihilation operators gives
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(a) (b)
𝛾𝐴,1 𝛾𝐵,1 𝛾𝐴,2 𝛾𝐵,2 𝛾𝐴,3 𝛾𝐵,3 𝛾𝐴,𝑁 𝛾𝐵,𝑁 𝛾𝐴,1 𝛾𝐵,1 𝛾𝐴,2 𝛾𝐴,3 𝛾𝐴,𝑁𝛾𝐵,2 𝛾𝐵,3 𝛾𝐵,𝑁
Topologically trivial Topologically non-trivial
Figure 2.3: The Kiatev chain representation in the Majorana basis : The green
shaded elliptical structures represent individual site of the Hamiltonian H in
Eq. 2.2 represented in the electron creation-annihilation basis. The electron
site is dimerized into to Majorana sites represented by blue circles. (a) In
the trivial phase, the Majorana on a same site are coupled to give complex
Fermions. (b) In the non-trivial phase, the Majorana at the same site are
decoupled while coupling at the nearest neighbor. This leaves single unpaired












One can identify the defining property of Majorana γ̂†α,j = γ̂α,j above, which
translates to being their own antiparticle. Additionally, they follow the anti-
commutation relation:
{γ̂α,j, γ̂α′,j′} = 2δα,α′δj,j′ . (2.14)
Now, consider a finite superconducting chain with N -sites as shown in












[(∆ + t)γB,jγA,j+1 + (∆− t)γA,jγB,j+1] . (2.15)
Now, we investigate the limiting cases of the two topologically different
phases discussed above in Sec. 2.1.1. Deep in the topologically trivial regime
(i.e. |µ|  t,∆), we can ignore the the second line of the Eq. 2.15. The two
Majoranas γ̂A,j and γ̂B,j at the same lattice site j are coupled for every lattice
site as shown in Fig. 2.3(a) and form a trivial complex Fermion state1. To
fill every complex Fermion state (electronic state), one requires energy equal
to the chemical potential µ, hence there are no zero energy states and the
spectrum of the finite chain is fully gapped. Moreover, there is no distinctive
feature of the modes at the end of the chain compared to the modes in the
middle of the chain.
In the topologically non-trivial regime (i.e. |µ| < t), for simplification of
discussion, we choose µ ∼ 0 and ∆ = t. In this limit, the first and the last
term on the right-hand side of the Eq. 2.15 vanish. The remaining term in
the Hamiltonian couples one species of Majorana γ̂A,j with the other species
at neighboring site, i.e. γ̂B,j±1. As shown in the Fig. 2.3(b), at the each end
of the chain in this limit one Majorana remains unpaired, which does not even
appear in the Hamiltonian in Eq. 2.15. Because γ̂A,1 and γ̂B,N do not appear
in the Hamiltonian, they do not contribute to energy and are at exact zero
energy, hence called Majorana zero modes. Here, we have chosen very specific
constraints on parameters ∆, µ, and t to obtain exact solution, however, one
can numerically verify these properties are unchanged for more general values
as long as bulk gap does not close.
The transformation to the Majorana basis is simply a unitary transforma-
tion, generically well defined irrespective of the topological nature. Hence this
1Electron modes are referred to as complex Fermion and Majorana modes are referred
to as real Fermion because their wavefunction is described by a real function
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mathematical exercise needs to be supported by physical picture to appreciate
the non-trivial nature of the physics. In a sense only the electron operators
ĉ and ĉ† are physical. Hence, Majorana always appear in pair to describe
one electron degree. Physically, the non-trivial part is the precise splitting of
an electron degree into two spatially separated parts and forming a non-local





is the physical mode in the topologically non-trivial phase. This non-local
electron mode can be occupied or emptied by chemical potential tuning. The
non-locality and as a result of it, their robustness against local perturbations
is also one of the reason for the interest in Majorana zero modes as a qubit
for fault tolerant topological quantum computation [48].
Finally, the importance of spinlessness is also re-emphasized from the
above exercise. A spinfull Hamiltonian will additionally double the allowed
degrees of freedom at each site. In presence of small perturbations, this al-
lows the isolated Majorana mode at each end to couple with another mode
at the same end and create a localized complex Fermion mode. Since spin is
present in general, the main challenge is to engineer effective spinless Hamil-
tonians that mimic the Kitaev’s chain model. First success in this direction
was achieved by proximity coupling semiconductor quantum wires with strong
spin orbit coupling to an s-wave superconductor under a Zeeman field [15, 16,
17, 18, 19, 20, 21]. In the next chapter, we will get back to this problem using
a different system, i.e. a quantum anomalous Hall system and show that one
can effectively create a low energy Hamiltonian mimicking Kitaev’s model. We
also highlight the potential advantages that quantum anomalous Hall based
Majorana device might have over the conventional spin-orbit coupled semicon-
ductor nanowires.
2.2 Topological superconductivity in two-dimensions: chi-
ral p± ip wave superconductor
In this section we extend the concept of topological superconductivity to
2D. For the conceptual clarity and pedagogical comparison with 1D, we follow
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similar structure of discussion as last section. As the simplest example and
natural extension of the Kitaev’s chain model, consider a 2D square lattice















(ĉj ĉj+x̂ + iĉj ĉj+ŷ + h.c.) ,
(2.17)
where energy and length scale are normalized by the lattice constant. Here
j = nx̂+mŷ, for n,m ∈ Z takes values on the lattice sites.
Following the same procedure of first transforming to the momentum space
(kx, ky ∈ [−π, π]) followed by the BdG transformation ψ̂k = [ĉk, ĉ†−k]T , one
obtains the BdG Hamiltonian
HBdG =
(
−2t(cos kx + cos ky)− µ ∆(sin ky − i sin kx)






∆2(sin2 kx + sin
2 ky) + [2t(cos kx + cos ky) + µ]2 . (2.19)
As one continuously tunes the chemical potential µ from a large negative
value to a large positive value, the gap first closes when µ = −4t at Γ-point
in k-space [shown in Fig. 2.4(b)], next when µ = 0, the gap closes at X and
Y -points [shown in Fig. 2.4(d)], and finally when µ = 4t the gap closes at
M -point [shown in Fig. 2.4(f)]. When the chemical potential is below −4t or
above 4t, the band is either completely empty or completely filled respectively,
and the system is topologically trivial. Topologically it is same as vacuum,
since one can take an extreme limit of µ → ±∞ without closing the gap. In
the limit |µ| < 4t, the system can be in topologically non-trivial state. One
can immediately notice the similarity of this argument with the 1D case of
Kitaev chain, where the topological phase transitions happen when the chem-
ical potential coincides at the band edge. One difference being the presence of




















𝜇 = −6𝑡 𝜇 = −4𝑡
𝜇 = −2𝑡 𝜇 = 0
𝜇 = 2𝑡 𝜇 = 4𝑡
𝜇 = 6𝑡
Figure 2.4: The Spectrum of a square lattice model for a 2D spinless super-
conductor as chemical potential µ is tuned: (a) When µ = −6t, the gapped
system is topologically trivial, (b) at µ = −4t, Dirac gap closing occurs at
Γ point, (c) when −4t < µ < 0, spectrum is gapped and topologically non-
trivial, (d) at µ = 0, Dirac gap closing occurs at X and Y points, (e) when
0 < µ < 4t, spectrum is gapped and changes the topological character but still
is non-trivial, (f) at µ = 4t, Dirac gap closing occurs at M points, (g) when
µ > 4t, the gapped system is topologically trivial.
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2.2.1 Z-Topological invariant
To understand the nature of the topological invariant, we again project
the BdG Hamiltonian over the Pauli matrices, HBdG = h(k) · σ, and define
the the unit vector ĥ(k) = h(k)/|h(k)| mapping from Brillouine zone to the
unit sphere, where
h(k) = [hx(k), hy(k), hz(k)]
T , (2.20a)
hx(k) = ∆ sin ky , hy(k) = ∆ sin kx ,
hz(k) = −2t(cos kx + cos ky)− µ . (2.20b)
The topological invariant is the integral of the solid angle subtended by
the unit vector ĥ(k) on the unit sphere over the entire Brillouine zone and













We show in the App. A for a general 2×2 Hamiltonian on a torus, the above
definition of the topologically invariant is just the Chern number of the valence
band wave-function often used for non-interacting electronic system. In the
particle-hole symmetric BdG Hamiltonian, it is simply the Chern number of
the wavefunction of the Bogoliubov quasiparticle below zero energy. The major
difference here is that the BdG Hamiltonian is in electron-hole basis with a
doubled Hilbert space. Taking the similarity with the non-interacting electron
system further, the topological invariant N here also counts number of chiral
edge states, which is an integer, hence called integer-Z invariant. However, the
nature of these edge states is dramatically different from the non-interacting
case. We study these properties next.
Region I (µ < −4t, topologically trivial)- As discussed above, in this re-
gion the system is topologically equivalent to a completely empty state, hence
trivial. However, it is worthwhile to understand this from the Berry curvature
(or the solid angle in the integrand of Eq. 2.21) computation. Deep in this
region (µ  −4t), as shown in the Fig. 2.5(a), the contribution to the Berry

















































Figure 2.5: The Berry curvature of the Bogoliubov quasiparticle state below
zero energy of the Hamiltonian in Eq. 2.18, in different gapped regions as µ
is tuned: (a) When µ < −4t, system is topologically trivial and the integral
of the Berry curvature over the entire Brillouine zone vanishes. (b) After gap
closing at µ = −4t and re-opening in the region −4t < µ < 0, the Berry
curvature contribution in the vicinity of Γ point changes sign. (c) After gap
closing at µ = 0, in the region 0 < µ < 4t, the Berry curvature contribution
from X and Y points changes sign. (d) After gap closing at µ = 4t and re-
opening in the region µ > 4t, the system is in topologically trivial phase again,
the integral of the Berry curvature over the entire Brillouine zone vanishes.
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magnitude, however, the net contribution from Γ-point and M -point is can-
celed by the net contribution from theX and Y - point because of their opposite
sign. As µ is increased to bring the system near the gap closing point, the
Berry curvature near Γ-point takes very large value but also becomes concen-
trated near a very small region. The Berry curvature near X, Y and M -point
spreads in larger Brillouine zone area but becomes smaller and more uniform
in magnitude. This merely reflects the gap closing near Γ-point. Overall, the
integral of Berry curvature over the entire Brillouine zone still vanishes and
the Z topological invariant is takes the value N = 0.
Region II (−4t < µ < 0, topologically non-trivial)- When chemical poten-
tial is increased, the first gap closing at µ = −4t occurs at Γ-point. As shown
in the Fig. 2.5(a),(b), the Berry curvature contribution near Γ-point changes
sign as gap closes and re-opens, the Berry curvature contribution near X, Y ,
and M - points remains qualitatively unchanged. Overall the Z topological
invariant computed from Eq. 2.21 takes the value N = 1. To understand the
effect of this sign change near the gap closing, we describe the effective low
energy Hamiltonian by expanding the HBdG in Eq. 2.18 near Γ-point upto
linear order and substituting µ = −4t+ δ,
HBdG,Γ ∼
(
−δ ∆(ky − ikx)
∆(ky + ikx) δ
)
(2.22)
Now we consider a setup shown in Fig. 2.6, where the region x > 0 is
defined by above Hamiltonian, while x < 0 is a trivial vacuum. For the low
energy Hamiltonian, we replace the momentum label k with the differential
operator to obtain a real space effective Hamiltonian,
HBdG,Γ(r) ∼
(
−δ(x) ∆(−i∂y − ∂x)
∆(−i∂y + ∂x) δ(x)
)
(2.23a)
∆(x) = ∆Θ(x) , δ(x) = δΘ(x) + V (x) . (2.23b)
Here Θ(x) is the Heaviside step function and V (x) can model confining po-
tential at the interface. Since, the Hamiltonian is translationally invariant in
y-direction, we seek solutions of the type









Figure 2.6: Setup showing the interface between a topological superconductor
(TSC) and a trivial state: The x > 0 region is defined by the Hamiltonian
HBdG in Eq. 2.23, which is derived from low energy sector of the topologically
non-trivial phase of a 2D spinless superconductor on square lattice described
by the Hamiltonian in Eq. 2.17. The region on the left is vacuum. The blue
arrow represents a chiral edge state.
Solutions in the energy gap, i.e. |E| < ∆ are localized in x-direction.
Here, we seek solutions localized at x = 0, which lie in the bulk gap. Solving
the BdG equation at x = 0+,
i[∆∂x + δ(x)] f(x) = (E + ∆ky) g(x) (2.25a)
i[∆∂x − δ(x)] g(x) = (E −∆ky) f(x) (2.25b)
A solution with δ > 0, that is localized at the interface x = 0, has energy
eigenvalues,
E = ∆ky , (2.26)
which from Eq. 2.25b immediately gives g(x) = 0, and from Eq 2.25a,









Since δ(x) > 0, one can see that at the interface x = 0, this is the only localized
solution. In other words, the solution obtained by eigenvalues E = −∆ky
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cannot lie at the interface x = 0, since it will diverge at large x. Further,










2f(x), 0]T , (2.28)
the wavefunction takes only one non-zero component out of a generic two-
component vector. Thus describes a chiral mode.
The presence of a single edge state in BdG Hamiltonian, which by con-
struction has a doubled Hilbert space (due to the particle-hole redundancy) is
non-trivial. Qualitatively, this again reinforces the idea of Majorana mode be-
ing equivalent to half an electron mode. The Majorana character of this edge
state can be established more rigorously by writing the annihilation operator
for the edge mode,
ψ̂ky =
∫
dx dy [eikyyu(x)ĉky + e
ikyyv(x)ĉ†−ky ] . (2.29)





dx dy [eikyyf(x)ĉky + e
ikyyf(x)ĉ†−ky ] . (2.30)
This is precisely the relation the Majorana creation and annihilation operators
obey.
If one changes the sign of δ(x), using Eq. 2.25, one can see that the state
localized at x = 0 interface must have energy solutions E = −∆ky. This
implies that f(x) = 0 and g(x) takes the non-zero values. The localized in-gap
wavefunction must be obtained from Eq. 2.25b. This is just a solution with
the opposite chirality. In other words, changing the sign of the diagonal entry
in the low energy effective Hamiltonian in Eq. 2.22 changes the chirality of
the edge state. One would expect presence of an edge state with opposite
chirality at x = 0 interface when δ < 0. However, δ < 0 corresponds to
the topologically trivial region I discussed above, and argued that it does
not have an edge state. Here, we digress a little to discuss a possible source
of confusion while working with effective low energy Hamiltonians. A careful
calculation reveals that a general low energy massive Dirac Hamiltonian similar
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to Eq. 2.22 only contributes ±1/2 to chirality depending on the sign of the
mass term (coefficient of σz Pauli matrix). The only physical quantity is the
difference in the chirality between the phases with the two opposite signs of
mass term, which is conveniently ±1 [49]. This simply means that the effective
low energy Hamiltonian has a chiral edge state for one of the sign of mass term
and no chiral edge state for the opposite sign of the mass term. The possible
confusion can be resolved when one considers the fact that the low energy
Hamiltonian is derived from some lattice Hamiltonian of the type in Eq. 2.18.
As we discussed earlier the contribution to Chern number from other high
symmetry points X, Y and M which are at higher energy (upto a sign) cancel
precisely the contribution from the low energy part near Γ-point. In terms of
edge state, it means that any chiral edge state that might be indicated by the
low energy effective Hamiltonian when δ < 0, is gapped out due to overlap
with an edge state with opposite chirality present because of the contributions
coming from higher energy. Overall, δ < 0 does not have a chiral edge state,
while δ > 0 has a chiral edge state.
In general a low energy massive Dirac Hamiltonian is the simplest Hamil-
tonian in 2D that allows topological phase transition. One can choose the
phase with one sign of mass term as topologically non-trivial with a chiral
edge state and consequently the phase with the opposite sign of mass term is
topologically trivial. We use this convention repeatedly throughout this the-
sis. At a deeper level, this consideration is ensured by contribution to topology
from high energy points in the well regularized lattice Hamiltonian. A well
regularized calculation of the Berry curvature requires computation over the
full Brillouine zone, which is compact [49].
Region III (0 < µ < 4t, topologically non-trivial)- When chemical poten-
tial µ is further increased, the next gap closing occurs at µ = 0 at X and
Y -points as shown in Fig. 2.4 (d). At this gap closing and the subsequent
re-opening the contribution to the Chern number near Γ-point is qualitatively
unchanged, while contribution near X and Y -points changes sign. Overall the
Z topological invariant takes the value N = −1 in this phase.
The change in the nature of the edge state can be understood from the
effective low energy Hamiltonian near the X-point,
HBdG,X ∼ ∆kyσx − ∆kxσy − µσz , (2.31)
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and near Y -point,
HBdG,Y ∼ −∆kyσx + ∆kxσy − µσz . (2.32)
Following a procedure similar to the one performed near Γ-point above,
we can see that as the gap closes and re-opens, chiral edge states appear from
the low energy sector near X and Y points. These new chiral edge states
have chirality opposite to the chiral edge state coming from the Γ-point sector
discussed above. Since the total contribution from X and Y points is twice
the contribution from the Γ point, one of the new chiral edge state cancels
the Γ-point edge state and the remaining one chiral edge state of the chirality
opposite to the phase in region II ensures the overall change in sign of the
topological invariant. Thus N = −1 in this region.
Region IV (µ > 4t, topologically non-trivial)- The final gap closing occurs
at M -point when chemical potential µ = 4t as shown in Fig. 2.4 (f). On
the other side of this gap closing point the Berry curvature changes sign near
M -points. Similar to the region I, the Berry curvature contribution near Γ-
point and M -point combines to cancel the contribution near X and Y points.
Overall, this phase is topologically trivial with no edge states.
2.3 Quantum anomalous Hall proximity coupled to s-
wave superconductor
In this section, we consider a model quantum anomalous Hall Hamilto-
nian, proximity coupled to an s-wave superconductor and show the presence
of topological superconductivity with the non-zero Z-topological index [25].
The simplest low energy Hamiltonian that allows quantum anomalous Hall
effect is a massive Dirac Hamiltonian in two dimensions (we consider a more
realistic Hamiltonian for this effect in Chapter 3, Sec. 3.1),
HD(k) = λσz + ~vF (kyσx + kxσy) , (2.33)
written in the basis Ĉk = [ĉk,↑, ĉk,↓] and the Pauli matrices σ operate on spin.
Here vF is the Fermi velocity and the Dirac mass term λ in real system models
the magnetic order.
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The Hamiltonian is similar to the effective low energy HBdG in Eq. 2.22.
The only difference is the representation basis, which changes the nature of
the edge state. As we have already discussed for Hamiltonian of this type,
when λ = 0 the spectrum becomes gapless with Dirac crossing at k = 0.
Topologically, the either sides i.e. λ > 0 and λ < 0 are distinct. In this
scenario we take λ > 0 as the topologically non-trivial phase and λ < 0 as
topologically trivial. The topologically non-trivial phase has a chiral edge
state. However, because the basis of the above Hamiltonian is electrons with
opposite spin, the edge state is an electronic edge state, carrying quantized
Hall conductance. Overall, the phase λ > 0 is a Chern insulator, with Chern
number C = 1 and quantized Hall conductance. The phase λ < 0 is a trivial
insulator2.
We consider a scenario where a normal 2DES, which is described by the
HamiltonianHD in Eq. 2.33, is proximity coupled to an s-wave superconductor.




















1 0 0 1
0 1 1 0
1 0 0 −1
0 1 −1 0

 , (2.35)
the BdG Hamiltonian transforms to a block diagonal form







2Here the assumption is that for λ < 0, the contribution from higher energy high sym-






∆ + λ ~vF (ky − ikx)





λ−∆ ~vF (ky − ikx)
~vF (ky + ikx) −λ+ ∆
)
, (2.37b)
are two massive Dirac Hamiltonians with Different mass terms. This form is
the most convenient way to understand the topological superconducting phase
in close analogy to the discussion in Sec. 2.2.1.
2.3.1 Topological Phase diagram
The topologically non-trivial phase for a massive Dirac Hamiltonian is
chosen to be the one with positive mass term. The topological characteriza-
tion of H̃BdG obtained from Eq. 2.36 and Eq. 2.37 simply follows by adding
topological invariants of the diagonal blocks HU and HD. We consider ∆ > 0
to be fixed and tune λ. The possible topological phases are characterized as
follows [25]:
1. Region I (λ > ∆ > 0)- In this regime the bulk spectrum is gapped and
the mass term in both HU and HD is positive. Hence both blocks are in
their topologically non-trivial phase. Since both HU and HD have same
chirality, the Z topological index takes the value N = NU + ND = 2,
which is obtained by adding unit contribution from each block. The
system has two chiral edge state, each block contributing one. This
phase is topologically equivalent3 to the normal quantum anomalous
Hall effect, since the quantum anomalous Hall Hamiltonian in the limit
∆→ 0 can be achieved without closing the bulk gap.
2. Region II (−∆ < λ < ∆,∆ > 0) As λ is decreased, HD has Dirac gap
closing when λ = ∆ as shown in Fig. 2.7. On the other side, when
3When ∆ 6= 0 the system here is not in quantum anomalous Hall phase, because it does
not have quantized Hall conductance. However, it is topologically equivalent to quantum
anomalous Hall phase, since the BdG quasiparticle wavefunction below zero energy have the
same Chern number.
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λ < ∆, the gap reopens, and HD has gone under topological phase
transition and is in its trivial phase. As long as λ > −∆, HU is still
under its topologically non-trivial phase. In this regime Z index only
has contribution from HU and hence N = 1. This phase is topologically
distinct from quantum anomalous Hall phase but similar to the model
spinless p-wave superconductor in its topologically non-trivial phase (i.e.
−4t < µ < 0) discussed in Sec. 2.2.
3. Region III (λ < −∆,∆ > 0)- As λ is further decreased, HU has Dirac
gap closing when λ = −∆ as shown in Fig. 2.7. On the other side,
HU has undergone topological phase transition and is in trivial phase.
Overall, both HU and HD are trivial in this phase and system overall is
trivial with no chiral edge states.
2.3.2 Edge state picture
The different topological phases can also be understood from the edge
picture. This highlights the nature of edge states. In particular shows the
presence of an isolated chiral Majorana edge mode when N = 1. In the N = 2
phase, both HU and HD block contribute one chiral edge state of the same
chirality. The transformed Hamiltonian H̃BdG acts in the basis


























−λ−∆~vF x(β̂ky + β̂
†
−ky) , (2.40b)
which clearly follow the relation for the chiral Majorana modes. Hence, the















Figure 2.7: Topological phase diagram of a model QAH Hamiltonian proxim-
ity coupled to an s-wave superconductor: The axes represent superconducting
pairing strength ∆ and the mass term λ in the model quantum anomalous Hall
Hamiltonian. The inset shows a typical bulk phase diagram in the respective
topological phase. Dirac crossings appear at the boundary between two topo-
logically distinct phases. topological superconducting phases with N = 1 and




TSC, 𝑁 = 2
𝜆 > Δ > 0
TSC, 𝑁 = 1




Figure 2.8: The edge state picture of a quantum anomalous Hall (QAH)
proximity coupled to an s-wave superconductor: (a) In the limit of ∆→ 0, the
system is in quantum anomalous Hall phase with quantized Hall conductance
carried by a single chiral electron edge state. However in the BdG doubled
picture it is represented by two identical chiral Majorana edge modes. (b) As
∆ is tuned in, the two chiral Majorana edge modes cease to be identical and
one of them moves away from edge faster than the other owning to different
exponential decay coefficient. (c) As λ < ∆, one of the chiral Majorana edge
mode is well in the bulk and due to avoided crossing from the strong overlap
of its counterpart at the opposite edge, is gapped out at higher energy. Only
single Majorana edge mode survives. (d) As λ < −∆, the other Majorana edge
mode also goes into bulk and is gapped out by overlap from its counterpart
at the other edge. The system becomes completely trivial with no chiral edge
state.
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edge modes of same chirality. Of course, this is nothing unexpected from the
discussion in the previous section. Topologically, the phase with two chiral
Majorana edge modes is identical to the quantum anomalous Hall phase. The
simplest way to understand this is to recall that the Hamiltonian H̃BdG is
under BdG doubled formulation. Hence two chiral Majorana states simply
combine to give a single chiral edge state of complex fermion.
It is important to note that for a non-zero ∆, the two chiral Majorana
modes are not identical. Instead, the extent of localization along x-direction
differs as shown pictorially in Fig. 2.8(b). As λ is decreased, φ̂D mode spreads
faster than φ̂U mode, and completely merges into bulk at λ = ∆ by overlapping
with its counterpart from the opposite edge as shown in Fig. 2.8(c).
Finally, at λ = −∆ the chiral mode φ̂U also merges in the bulk and the
system becomes topologically trivial with no chiral edge states.
In conclusion, we have first established the simple model BdG Hamiltonian
in 1D and 2D that can exhibit topological phase transitions and shown that
the non-trivial region has boundary states whose creation and annihilation
obey Majorana properties. We have then reviewed an earlier work [25], which
demonstrates the topological superconducting phase for the simplest model
Hamiltonian with the Chern insulator properties. More precisely, when a nor-
mal system with properties of the quantum anomalous Hall effect is proximity
coupled to an s-wave superconductor, it can host topological superconducting
phase with chiral Majorana edge modes. The phase with odd number of chiral
Majorana edge modes (i.e. N = ±1) is of particular interest from the point
of view of experiment, since it gives a distinct transport signature [50, 26].
In the remaining part of this thesis, the focus is on studies the above men-
tioned topological superconducting phases in detail, considering more realistic




and Majorana zero modes in quantum
anomalous Hall based system
In this chapter1 we study the quantum anomalous Hall system proximity
coupled to an s-wave superconductor in more details. In chapter 2, we showed
that when a model quantum anomalous Hall Hamiltonian (i.e. a single massive
Dirac Hamiltonian written in the electron spin basis) is proximity coupled to
an s-wave superconductor under appropriate conditions has a region of T -
symmetry broken topological superconducting phase.
We first consider a more realistic two layer model for the quantum anoma-
lous Hall system. Experimentally, the quantum anomalous Hall effect is ob-
served in magnetically doped thin films of a 3D TI such as Bi2Se3 [8, 51, 26].
The quantum anomalous Hall effect in this system can be explained by two cou-
pled massive Dirac Hamiltonians, describing the two surface states [52, 53, 54].
We first study the topological phases of the bilayer model when it is proxim-
ity coupled to an s-wave superconductor in 2D. The continuum model of this
system is already studied by Wang et. al. [50]. We extend the bilayer model
on a lattice and consider its quasi 1D limit (when L  W ). In the quasi
1D limit, we show that when the normal part is in its quantum anomalous
Hall phase, the proximity coupled system mimics the low energy Hamiltonian
of the Kitaev chain model, and in its non-trivial phase, has Majorana zero
1This chapter is partly based on the research article: Yongxin Zeng, Chao Lei, Gaurav
Chaudhary, and Allan H. MacDonald, Quantum anomalous Hall Majorana platform, Phys.
Rev. B 97, 081102(R). Gaurav Chaudhary contributed to analytical results, analysis of the
numerical results, discussion, and the manuscript writting. Parts of the text and some of
the figures are reproduced from the above mentioned article.
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s-wave superconductor
MTI (source of QAH effect)
Figure 3.1: Thin film of a 3D magnetic TI (MTI) proximity coupled to an
s-wave superconductor: When magnetic dopants are in ordered phase, the
magnetic TI can exhibit quantum anomalous Hall (QAH) phase.
modes at the end [27]. Furthermore, the phase diagram of this coupled system
has particularly broad regions of stability for both topologically trivial and
non-trivial phases. We show such quasi 1D structures behave effectively as
topological Kitaev chain. Experimentally quasi 1D structures can be defined
via electrostatic gates on the parent 2D system. We also argue in favor of
this design based on 1D structures on a base 2D system to be favorable for
braiding and manipulating Majorana zero modes.
3.1 Model
Our model is motivated by Cr-doped Bi2Se3 thin films in which proximi-
tized superconductivity has already been demonstrated experimentally [8, 26]
, and which are close to the magnetic TI’s, quantum anomalous Hall insulator-
normal insulator phase boundary when 4-6 quintuple layers thick. A model












where ĉskσ annihilates an electron with momentum k, spin σ =↑, ↓ at surface
s = t/b (top/bottom), the effective low energy single particle Hamiltonian of
the magnetic TI thin film at energies below the bulk gap is
Heff0 (k) = hD(k)σ0 ⊗ τz +mk σ0 ⊗ τx + λσz ⊗ τ0 + λ′ σ0 ⊗ τz . (3.2)
Here all the length scales in the Hamiltonian are normalized by the lattice
constant. The Pauli matrix τi acts on the surface and σi on the spin. In
Eq. 3.2, hD(k) = ~vF (kyσx − kxσy) is the 2D Dirac Hamiltonian with Fermi
velocity vF , which describes the surface state of a thin film TI without the




y) accounts for hybridization be-
tween the top and the bottom surfaces, the effect of magnetic dopants is con-
sidered by including the mass term λ, which models an effective exchange
field produced by the ferromagnetically ordered magnetic dopants; and λ′ ac-
counts for the energetic displacement between Dirac cones on the top and
the bottom surfaces produced by vertical electric fields in the bulk of the TI.
Later, in Sec. 3.3, we show that λ′ is an important tuning knob for topolog-
ical phases. As already discussed in chapter 2, when placed in proximity to
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Since the lattice constant is absorbed into the wavevectors in Eq. 3.2 to make
them dimensionless, the terms m0, m1 and ~vF all have dimensions of energy.
One can obtain realistic values of vF , m0 and m1 by comparing the model
spectrum with density-functional theory (DFT) band structures of Bi2Se3
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(a) (b)
Figure 3.2: Band-structure of a 5-layer Bi2Se3 thin film : Blue dots are
from DFT calculation, while red curves are from our effective lattice model
when we choose m0 = 6 meV and (a) m1 = 0.2eV, ~vF = 0.7eV, which
coincide with matching lowest conduction band; (b) m1 = 0.1eV, ~vF = 0.2eV,
which coincides by matching highest valence band. Figure reproduced from
the article Phys. Rev. B 97, 081102(R).
shown in Fig. 3.2. For a five-layer film one finds that the gap at Γ-point
is about 12 meV, giving m0 = 6 meV. Rough estimates for m1 and vF can be
obtained by fitting to the DFT Dirac velocity vF (∼ 4×105m/s) and the DFT
gaps at M and K points. By matching the lowest DFT conduction band with
the upper band in our model, we find that m1 ∼ 0.2 eV and ~vF ∼ 0.7 eV as
shown in Fig. 3.2(a). Notice that matching the highest DFT valence band with
the lower band in our model gives different value of vF as shown in Fig. 3.2(b).
However, our main findings on topological robustness are independent of up-
per or lower band Fermi velocity as long as v and m1 remains on larger energy
scale compared to m0 for a lattice model with lattice constant a ≈ 4Å.
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3.1.1 Lattice regularization
A regularized square-lattice version of Eq. 3.2 with nearest neighbor hop-
ping [55] accurately and conveniently captures the physics of the topological
phase transitions at the surface of the magnetic TI. Since later in this chapter
our focus is on quasi 1D structures of the system discussed above, here we con-
struct an underlying lattice model for the normal part described by Eq. 3.2.
In the lattice model kx/y is replaced by sin kx/y and k
2 by 2(2−cos kx−cos ky).
We can rewrite the momentum-space Hamiltonian in the following form:
H0(k) = h0 + (hxe
ikx + hye
iky + h.c.) . (3.6)
Then we obtain a nearest-neighbor tight-binding model, where the on-site term
is given by the matrix
h0 = (m0 + 4m1)σ0 ⊗ τx + λσz ⊗ τ0 + λ′ σ0 ⊗ τz , (3.7)








~vF σy ⊗ τ0 −m1 σ0 ⊗ τx . (3.8b)
To physically picture this lattice model with nearest neighbor hopping, one
can imagine each atomic site having four orbitals: two of which are electron
spin and two are layers. At small wave-vectors
H0(k→ 0) ≈ Heff0 (k) . (3.9)
One can see that the inter-surface hybridization parameter m1, which is largely
irrelevant in the low energy Hamiltonian in Eq. 3.2, plays an essential role for
the lattice Hamiltonian by preventing the appearance of unphysical states at
low energies away from k = 0. This facilitates the appearance of the quantum
anomalous Hall effect by allowing non-zero Chern number in the appropriate
regime. For m0  m1 only the Γ-point avoided crossing is relevant at low
energy, and Heff0 is a faithful description of the above lattice Hamiltonian.
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3.2 Topological classification
In this section, we show topological classification of the BdG Hamiltonian
in both 1D and 2D. The focus here is to pedagogically understand all the
possible topological phases. Hence for the most part we restrict to a specific
case in the BdG Hamiltonian, where the topological phases can be understood
analytically by comparing to the analysis in Sec. 2.1.1 and Sec. 2.2.1 in chap-
ter 2. Later in Sec 3.3, we will discuss topologically non-trivial phase with the
aim of a potential device.
3.2.1 Classification in 2D
The Z-topological invariant for the magnetic TI/superconductor proxim-
ity system can be computed for the BdG Hamiltonian on lattice and calcu-
lating integral of the Berry curvature of all the negative energy Bogoliubov
bands [56]. However, for a more physical understanding of the origin of differ-
ent allowed values of the topological invariant, we first consider a special case
of µ = λ′ = 0, and ∆t = −∆b = ∆. In this limit, the entire 8× 8 BdG Hamil-
tonian of the system under the unitary transformation:
˜̂







1 0 1 0 0 1 0 −1
0 1 0 −1 1 0 1 0
0 −1 0 1 1 0 1 0
1 0 1 0 0 −1 0 1
0 1 0 1 1 0 −1 0
1 0 −1 0 0 1 0 1
−1 0 1 0 0 1 0 1




can be block diagonalized into four 2 × 2 blocks, such that the transformed
BdG Hamiltonian reads,
H̃BdG(k) = U HBdG(k)U
−1
= diag[h1 · σ, h2 · σ, h3 · σ, h4 · σ] . (3.11)
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Here the 2× 2 blocks are defined by the three component vectors
h1 = [~vF sin ky, −~vF sin kx,
m0 + λ+ ∆ + 2m1(2− cos kx − cos ky)]T , (3.12a)
h2 = [−~vF sin ky, −~vF sin kx,
−m0 − λ+ ∆− 2m1(2− cos kx − cos ky)]T , (3.12b)
h3 = [~vF sin ky, ~vF sin kx,
m0 − λ−∆ + 2m1(2− cos kx − cos ky)]T , (3.12c)
h4 = [−~vF sin ky, ~vF sin kx,
−m0 + λ−∆− 2m1(2− cos kx − cos ky)]T , (3.12d)
projected over the Pauli matrices. In the above transformed form, each 2× 2
block is simply equivalent to one copy of the model spinless superconductor
on a square lattice studied in detail in chapter 2. Each of the above copy has a
different effective chemical potential and hopping strength. The Z-topological
invariant then is given by N =
∑4
i=1Ni, where Ni can simply be deduced by
comparing the Hamiltonian blocks hi · σi with the topological regions of the
model studied in chapter 2.
Generally ∆t 6= −∆b, and the nonzero values of λ′ are also of our interest
for tuning of topological phase. For a more general BdG Hamiltonian, one can
not block diagonalize into 2×2 blocks. However, the topological invariants can
still be calculated rather easily without performing the full Berry curvature
calculation. It relies on the fact that topological invariant only changes when
bulk gap closes. Hence one can start from the above discussed exactly solvable
case and then slowly tune in any of the parameter of interest and track when
the BdG spectrum becomes gapless.
The topological phase diagram shown in the Fig. 3.3 is obtained analyt-
ically for the specific case of µ = λ′ = 0 and ∆t = −∆b. It shows presence
of phases with N = 0, ±1, ±2. The phase with N = ±1 has single chiral
Majorana edge state at the boundary of the system. For the experimental
observation of chiral Majorana edge state, N = ±1 is the most interesting
phase (see discussion in chapter 6). Interestingly, broad regions of N = ±1















Figure 3.3: Lattice model Chern number N phase diagrams for 2D geometries
with λ′ = µ = 0 and ∆t = −∆b = ∆: For visualization purposes. The figure
is plotted at an unphysically small value of m1/m0. Realistically m1  m0.
Figure reproduced from the research article Phys. Rev. B 97, 081102(R).
For any of the diagonal blocks hi ·σ, as λ or ∆ are tuned, depending on the
specific values, the bulk gaps always close at one of the high symmetry point
(Γ, X, Y , or M). For the simple case of µ = λ′ = 0 and ∆t = −∆b studied
here, the gap closes at Γ point for ±λ ± ∆ = m0. The gap closings at other
high symmetry points (i.e. at X, Y , and M points) occur at energies which are
integer multiples of m1 higher in magnitude as can be seen in Fig. 3.3. Since
m1  m0, these gap closings occur at 1−2 orders of magnitude higher energies
and not generally accessible to drive a topological phase transition. Thus for
our purpose we can simply take the limit k = 0 in the HBdG obtained from
Eq. 3.3 and Eq. 3.6 to compute the topological phase diagram. Further for a
realistic system, where superconductor is only on one side of the magnetic TI
(see Fig. 3.1), ∆t = 0 and ∆b = ∆ is the correct choice of parameters. If one
considers only Γ point gap closing in the limit µ = ∆t = λ
′ = 0, the topological
phase boundaries can again be obtained analytically (See App. B). The low
energy phase diagram is shown in Fig. 3.4, which is obtained by tracking the
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gap closings and re-openings at Γ point. One can see that both for the special
case of ∆t = −∆b as shown in Fig. 3.4(a) and for the realistic case of ∆t = 0
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Figure 3.4: The topological phase diagram obtained by gap closings at Γ
points: (a) calculated for the special case of µ = λ′ = 0 and ∆t = −∆b = ∆,
(b) calculated for realistic scenario where ∆t = 0, µ = λ
′ = 0. Broad regions
of N = ±1 phase, which hosts single chiral Majorana edge state are present
in both cases. The arrow in (b) shows a possible path an experimental system
can take while tuning λ.
Experimentally, one can imagine λ being a controllable parameter by tun-
ing the magnetization of the magnetic dopants. In Fig. 3.4(b), the arrow rep-
resents a possible experiment on this system, which we will discuss in detail
in chapter 6. If one starts from |λ| > m0 shown as the point A, where N = 2
(i.e. topologically a quantum anomalous Hall region) and slowly decreases λ
to move towards trivial insulator state N = 0 shown as point C following the
arrow, there is an intermediate region of N = 1 with single chiral Majorana
edge state.
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3.2.2 Classification in 1D
For a strictly 1D system, the Hamiltonian is obtained by taking ky depen-
dent terms of the 2D Hamiltonians studied above in Sec. 3.2.1 to zero. Similar
to the 2D case, the limit µ = λ′ = 0, and ∆t = −∆b = ∆ is pedagogically
interesting to understand the possible topological phases. In this limit, the
transformed BdG Hamiltonian in its block diagonal form is simply
H̃BdG(kx) = diag[h1 · σ, h2 · σ, h3 · σ, h4 · σ]T , (3.13)
where,
h1 = [0, −~vF sin kx, m0 + λ+ ∆ + 2m1(2− cos kx]T , (3.14a)
h2 = [0, −~vF sin kx, −m0 − λ+ ∆− 2m1(2− cos kx)]T , (3.14b)
h3 = [0, ~vF sin kx, m0 − λ−∆ + 2m1(2− cos kx)]T , (3.14c)
h4 = [0, ~vF sin kx, −m0 + λ−∆− 2m1(2− cos kx)]T . (3.14d)
Similar to the 2D case, the above 1D Hamiltonian is four model 1D spinless
superconductor Hamiltonian studied in detail in Sec. 2.1.1 of chapter 2. The
Z2 topological invariant of H̃BdG is then given by ν = Π4i=1νi, where νi is the
Z2 invariant of the 2× 2 block hi ·σ obtained by comparing it with the model
Hamiltonian in chapter 2. The topological phase diagram of this special case
in strictly 1D structure is shown in Fig. 3.5, which shows broad non-trivial
regions.
The strict 1D limit, where chains are only one lattice site wide is not ex-
perimentally achievable. Our main interest is in the possibility of gate-defined
quasi-1D topological regions embedded within the 2D film surface similar to
the case of of narrow ribbons of semiconductor quantum wires [57, 47]. Keep-
ing that in mind, next we study topological phase of quasi 1D systems, with
some finite number of sites in y-direction. The νi for each diagonal block in this
case cannot be obtained by simple comparison with model 1D spinless Hamil-
tonian. Instead one needs to follow the general recipe of calculating Pfaffian
number at kx = 0, π discussed in Sec. 2.1.1 of chapter 2. The resulting topo-
logical phase diagram of quasi-1D structures with different width W are shown
in Fig. 3.6. One can see, as the width of the quasi 1D structures increases,





Figure 3.5: The topological phase diagram for strictly 1D system in the
special case of µ = λ′ = 0 and ∆t = −∆b = ∆: (a) Shows the schematic of the
1D chain, where each site has four orbital owning to spin and layers, (b) The
orange regions indicate topologically non-trivial regions where the Z2 invariant
takes the values ν = −1. This region has Majorana zero modes at the end of
the 1D chain. Figure in panel (b) reproduced from the research article Phys.
Rev. B 97, 081102(R).
oscillations between topologically trivial and non-trivial regions. The rapid
changes between different topological regions are potentially a limitation for
an actual device. However, since m1  m0, the actual width of these regions
are still quite broad on a real energy scale.
Experimentally, the chemical potential µ and the magnetization energy λ
are the most suitable tuning parameters. In Fig. 3.7 we show phase diagram for
an experimentally achievable system, where superconducting pairing is only
induced on one of the surface, hence ∆t = 0. The width of the quasi-1D stripe
is fairly large at W = 300-lattice sites, which for a typical lattice constant
a ∼ 4Å is about 120nm. Stripes of width W > 50nm can be fabricated experi-
mentally with good control. For these realistic parameters, Fig. 3.7 shows that
the 1D topological classification of the quasi-1D structures is quite robust with
broad regions of topological non-trivial regions. Another interesting feature
is that unlike the 2D case, where N = ±1 topological phase is an intermedi-
ate phase between the quantum anomalous Hall phase and the trivial insulator








Figure 3.6: The Z2-Topological phase diagram for quasi-1D systems of dif-
ferent width along finite direction for the special case of µ = λ′ = 0 and
∆t = −∆b = ∆: (a) Shows a schematic of the lattice model, where each site
has four orbitals owing to spin and layer index, (b) W = 2 atomic width aling
y direction, (c) W = 3 atomic width along y-direction, and (d) W = 10 atomic
width along y-direction. The shaded regions indicate topologically non-trivial
regions where the Z2 invariant takes the values ν = −1. Figures in the panel










Figure 3.7: The Z2 quasi-1D phase diagram in (λ, µ) space for λ′ = 0,
m0 = 6meV, m1 = 200meV, ∆b = 1meV, ∆t = 0, Fermi velocity velocity
~vF = 700meV, and ribbon width W = 300-sites. The orange regions are
topologically non-trivial with ν = −1 and support Majorana zero modes. Fig-
ure reproduced from the research article Phys. Rev. B 97, 081102(R).
for large λ i.e. where the 2D limit of the normal part would be deep into its
quantum anomalous Hall phase. Later in chapter 6, we show this difference
from the 2D limit makes these quasi-1D structures potentially more reliable
source of Majorana modes.
For weak pairing, the Z2 phase with ν = ±1 depends on whether the num-
ber of normal state bands that cross the Fermi level is even or odd. The broad
region of topologically nontrivial behavior at large λ and small µ in Fig. 3.7, i.e.
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when the unproximitized magnetic TI is in a quantum anomalous Hall state,
reflects the property that only a single quasi 1D band is present in this energy
range at any value of W . The Z2 invariant is qualitatively more sensitive to
λ, µ, W and other model parameters of quasi 1D structure at larger values of
µ that lie within the gapped surface state bands. For a lattice model of a nor-
mal 2D p-wave superconductor, for example, there are 4W phase boundaries
in the quasi-1D Z2 classification of structures of width W lattice sites. This
sensitivity is not favorable for reliable realization of either trivial or non-trivial
states. In the quantum anomalous Hall state there is at most a single band,
but the Majorana zero modes present for finite length are protected only by
exponentially small superconducting gaps (∼ ∆e−W/ξ), where ξ ∼ v/(λ−m0)
is the 2D edge state localization length in lattice constant units, making the Z2
classification academic. (For typical parameters ξ ∼ 10nm) In order to obtain
Majorana zero modes that are reasonably localized near quasi-1D ends it is
necessary to have widths W that are not too large compared to ξ, and also
to be able to conveniently tune between topologically trivial and non-trivial
states. Since the exchange coupling parameter λ in Fig. 3.7 is fixed for a given
magnetic TI sample and a given operating temperature, a different tuning pa-
rameter must be identified. Next, we show that an electric field between the
two layers of magnetic TI can be used for this purpose.
3.3 The quantum anomalous Hall effect based Majo-
rana platform
In this section, we discuss an experimentally tunable device for Majorana
zero modes based on the quantum anomalous Hall system under consideration
throughout this chapter. As shown in last section, Majorana zero modes can
appear at the end of a quasi-1D structure of this system with broad regions
of topological stability, however, challenge lies in tuning different topologi-
cal phases or spatially defining regions of topologically trivial and non-trivial
phase, where Majorana modes can be localized. For this purpose, we propose
controlling Majorana zero modes in quasi 1D structures by placing a magnetic
TI film that supports a quantum anomalous Hall state on a superconducting
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Figure 3.8: A simple device setup for quasi-1D topological superconductors:
Majorana zero modes can be created locally by separating the surface of a
magnetic TI (MTI) in the quantum anomalous Hall (QAH) state into alter-
nating normal and topological regions using remote gates. Figure reproduced
from the research article Phys. Rev. B 97, 081102(R).
Fig. 3.8. Varying the gate field will alter the carrier density (and hence the
chemical potential µ) of the magnetic TI, and also shift the energy of the top
surface Dirac cone relative to the bottom surface. The latter effect is due to
the unscreened portion of the gate electric field that survives in the interior
of the TI and is represented in our model by the parameter λ′. Applying a
gate voltage moves the system along a line in (µ, λ′) space that depends on the
effective bulk dielectric constant of the TI. As we now show a gate voltage can
therefore tune the proximitized magnetic TI between Z2 index trivial given by
ν = 1 and non-trivial given by ν = −1.
With the goal of gate controlling the energy difference λ′ between the two
surfaces of magnetic TI and using it as a tuning parameter to control topo-
logical phases, we study the topological phase diagrams as a function of λ′.
Fig. 3.9 illustrates 2D Chern number phase diagrams in (λ′,µ) space for mag-
netic TI on superconducting substrates with ∆b = 0.2m0 and ∆t = 0, at three






Figure 3.9: Phase diagram of a magnetic TI on a superconducting substrate
in λ′-µ space. Here ∆b = 0.2m0, ∆t = 0, and from left to right λ = 0.5m0,
m0, and 2m0. Figure reproduced from research article Phys. Rev. B 97,
081102(R).
unproximitzed magnetic TI is in a normal insulator state, but superconductiv-
ity that is sufficiently strong can still induce odd Chern number BdG states.
Our main interest is in the case in the right panel [Fig. 3.9 (c)] where λ > m0
so that the unproximitized magnetic TI is in a quantum anomalous Hall state
at λ′ = 0. Proximitized superconductivity of quantum anomalous Hall states
is now routinely achieved experimentally [8, 26]. The quantum anomalous
Hall state occurs at small |µ| only when
√
λ′2 +m20 < |λ|; the gate field λ′
efficiently converts a quantum anomalous Hall insulator with edge states into
a normal insulator with no edge states in the gap, and no opportunity for Z2
states in the quasi 1D limit.
The energy displacement between the two layers of magnetic TI applied
using gates is unfavorable for N = 1 topological superconducting state in 2D.
Hence λ′ also makes it unfavorable for Majorana zero modes to appear in quasi
1D limit [See Fig. 3.10c]. A controllable device to create Majorana zero modes
then can be achieved by defining gate controlled quasi 1D regions on a base 2D
proximity coupled system of magnetic TI and superconductor, such as shown
in Fig. 3.8. In the limit when λ is tuned to high value throughout the 2D base
(i.e. the unproximitized magnetic TI being deep in quantum anomalous Hall
phase), and two nearby quasi 1D gates are turned on, the region immediately
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below them has trivial classification of Z2 index. However, the quasi 1D re-
gion between the two nearby gates have non-trivial Z2 classification. Hence,
Majorana zero modes can be bound at the end of the intermediate region.
Having shown a Majorana device in principle, next we explain why the
quantum anomalous Hall based device has much larger regions of stability
of topologically trivial and non-trivial phase and the quasi-1D limit can be
reached at much larger length scale (W ∼ 100nm) compared to semiconductor
quantum wire based device.
For weak pairing, quasi 1D structures have non-trivial Z2 index give by
ν = −1 states when an odd number of subbands cross the Fermi level. In a
quasi 1D structure formed from a semiconductor quantum well with strong
Zeeman and spin-orbit coupling, or from a magnetic TI with λ m0, a series
of closely spaced non-degenerate 1D sub-bands appear close to the extrema of
the bulk 2D bands, as illustrated schematically in Fig. 3.10a. When the quasi
1D structure width increases, the spacing between subbands becomes smaller
and the Z2 phase diagrams will have more closely spaced boundaries between
Z2 index trivial i.e. ν = 1 and non-trivial ν = −1 phases. In the λ  m0
quantum anomalous Hall case on the other hand, illustrated schematically
in Fig. 3.10b, a single pair of bands crosses the Fermi level at all energies
inside the bulk 2D gap, except for a narrow gapped region due to the avoided
crossing between quantum anomalous Hall edge states localized on opposite
sides of the ribbon. The system is therefore almost always nontrivial in the
broad range µ ∈ (−Eb, Eb), where Eb is the bulk gap, independent of the quasi
1D structure width.
Figure 3.10c shows the Z2 phase diagram in (µ, λ′) plane ofW = 300 lattice
sites, m0 = 6 meV,m1 = 0.2 eV, v = 0.7 eV, λ = 12 meV,∆b = 1 meV,∆t = 0
quasi 1D structure, which exhibits large adjacent trivial and nontrivial regions
near µ = 0. For these realistic parameters |λ| is larger than m0, but not much
larger. Larger quantum anomalous Hall regions can be achieved by going to
thicker films with smaller m0 but only at the expense of reducing all relevant
energy scales. quantum anomalous Hall edge states overlap strongly even at
W = 300, so strongly in fact that the normal state gap produced by avoided
crossing of edge states is comparable to m0, creating a substantial Z2 index




























Figure 3.10: Topological phases and their robustness: (a) Bandstructure of
a nanoribbon. When the Fermi level (the red dotted line) coincides with the
bottom of a subband, a topological phase transition occurs; (b) Bandstructure
in the quantum anomalous Hall regime. Grey regions are conduction and
valence bands, blue curves are edge states with a small hybridization gap, and
the red dotted line shows the Fermi level. When the chemical potential is
inside the bulk gap and outside the hybridization gap, with superconductor
the system should always be nontrivial. (c) Phase diagram in λ′-µ space for
a quasi-1D chain with W = 300,m0 = 6 meV,m1 = 0.2 eV, v = 0.7 eV, λ =
12 meV,∆b = 1 meV,∆t = 0; (d) Relation between gap and width, with µ =
5 meV, λ′ = 0 and other parameters the same as in (c). Figure reproduced
from the research article Phys. Rev. B 97, 081102(R) .
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large Z2 index ν = −1 region that can be identified with pairing of quantum
anomalous Hall edge states. The gate field λ′ sweeps this state into a large
adjacent Z2 index ν = 1 region, which can be identified with a proximity
coupled ordinary insulator.
Figure 3.11: Spatial distribution of the lowest energy eigenstate, where a
50× 5 quasi-1D region is embedded in a 60× 20 system, and m0 = 1, m1 = 2,
~vF = 2, λ = 2, µ = 1 , ∆b = 1, and ∆t = 0. Inside and outside the quasi-1D
region, λ′ = 0 and 4 respectively. Figure reproduced from the research article
Phys. Rev. B 97, 081102(R) .
Figure 3.10d plots the quasi 1D width dependence of the gap at kx = 0,
λ′ = 0, and µ = 5 meV out to W ∼ 1000 in lattice constant units. Here we
notice that there is only one gap closing as a function of W which signals a
phase transition between a small W , where Z2 index is trivial with ν = 1; state
associated with a large avoided crossing gap between quantum anomalous Hall
edge states, and a large W , where Z2 index is ν = −1; state associated with
pairing of quantum anomalous Hall edge states. The gaps remain large out
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to W ∼ 1000 lattice constants, corresponding to a physical length ∼ 400 nm,
partly because the edge state localization length is enhanced by the relatively
high velocity of quantum Hall edge states compared to the velocity of states
present near the bottom of a bulk 2D band. As the system becomes wider,
the quantum anomalous Hall edge states have less overlap and the gap is
eventually reduced to very small values.
Because of the bulk-edge correspondence of topological states we expect
Majorana zero modes to appear not only in very thin stripes, but also in wide
films in which quasi 1D regions are formed that have local model parameters
in the topologically non-trivial range. Fig. 3.11 shows the localized Majorana
zero modes at the end of a topological quasi 1D region embedded in the larger
region. This verfies the presence of zero energy localized modes corresponding
to Z2 index having nontrivial ν = −1 value.
3.3.1 Creating and manipulating Majorana zero modes
Apart from the advantage associated with broad regions of topologically
distinct phase, the quantum anomalous Hall based device for Majorana modes
is potentially more suitable for performing an elementary topological quan-
tum computation operation. Majorana modes have non-Abelian exchange
statistics [13] in 2D, which is the fundamental reason behind their interest in
topological quantum computation. For any useful application braiding two
Majorana is essential. Thus, even if Majorana modes are created at the end
of 1D structure, the braiding operation requires moving one Majorana around
the other, which requires the operation to be done in 2D, because one cannot
exchange them by simply moving along one direction without them annihi-
lating each other. The fact that our proposed device has a base 2D platform
makes it easier to achieve any of the proposed braiding architecture [58, 59].
Fig. 3.12 shows the famous T -junction architecture proposed by Alicea et.
al. [58] on our proposed quantum anomalous Hall based system. Since gates
can be defined with a good precision at arbitrary position on the 2D base, the
T -junction can be defined and manipulated as shown in the Fig 3.12(a)-(d).
Additionally, multiple of such regions or quasi 1D structures can be defined
over the entire 2D base (See Fig. 3.8), which gives it a potential advantage over
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Figure 3.12: A schematic of braiding two Majorana zero modes via exchanging
their position: The gates are represented by golden rectangular regions. The
solid golden regions indicate gates turned on (i.e.λ′ 6= 0) and the transparent
golden regions indicate gates turned off (i.e. λ′ = 0). (a) Two Majorana zero
modes γA and γB are at the end of the straight quasi 1D topological wire
represented with turned off gates. (b) As the gates on the top are turned on
and on the right are turned off γB Majorana moves to the right end. (c) The
gates at the bottom are turned on and at the top are turned off, γA Majorana
moves to the top end. (d) Finally, gates at the right are turned on, and at the
bottom are turned off, γB Majorana moves to the bottom. (a) and (d) have
same topological quasi 1D structure but the Majoranas are exchanged.
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semiconductor quantum wire device. Since in semiconductor quantum wire
system, to achieve large scale architecture on has to deposit many quantum
wires on some base in precise way with desired relative orientation, which can
be difficult to achieve.
3.4 Conclusion
In this chapter, we have studied the topological phases of a magnetic TI
thin film proximity coupled to an s-wave superconductor in 1D and 2D.
In 2D this system has been studied previously [50], and shows the pres-
ence of chiral topological superconducting phase. Our focus is on quasi 1D
structures based on this system, which can be used to bind Majorana zero
modes [27]. Besides, showing the extraordinary stable topological supercon-
ducting phase in quasi 1D limit of this system, we highlight the potential
flexibility of this system in achieving an actual device to braid Majorana.
Topological quantum computation requires flexible Majorana braiding that
relies on branched structures like T-junctions [18]. Although conceptually sim-
ple, T-junctions based on semiconductor quantum wires are difficult to build
because of challenges in depositing aligned semiconductor quantum wires. In
this chapter, we have demonstrated the possibility of using gate arrays to write
Majorana zero modes onto the surface of a 2D magnetic TI placed on a super-
conducting substrate. It has some similarities with systems [60, 61] in which a
gate array writes quantum wires onto a quantum well by periodically depleting
all carriers, or varying the number of locally occupied subbands between even
and odd values, but has advantages in this case as well because i : it is not nec-
essary to apply a magnetic field to break degeneracies at time-reversal invariant
points in 1D momentum space and because ii : there can be a large energy sep-
aration between the quasi-1D bands formed by quantum Hall edge states and
higher energy subbands, providing a large target for efforts to tune to Z2 = −1
superconductors. Additionally, this system also provides an ideal platform for
building the Majorana box qubits recently proposed in Refs. [59, 62] because
i : it is easy to define arbitrary number of parallel gate-controlled quasi-1D
topological superconducting wires as shown in Fig. 3.8, and ii : because large
topological stability ranges allows geometrical capacitance[62] to be changed
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without changing topological states.
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Chapter 4
Topological superconductivity in the quantum
Hall regime
In this chapter1 we study the chiral topological superconducting phase in
2D, when an s-wave superconductor is proximity coupled to a quantum Hall
system, obtained under Landau quantization of the 2DES.
In chapter 2 and 3, we have shown that chiral topological superconductors
are expected to appear as an intermediate states when a quantum anomalous
Hall system is proximity coupled to an s-wave superconductor and made to
go under topological Chern insulator to trivial insulator transition of the un-
proximitized system. Since, quantum Hall state is also Chern insulator (topo-
logically identical to the quantum anomalous Hall state), the natural question
arises, if the same is true for quantum Hall system? We find that the appear-
ance of topological superconducting phases with an odd number of Majorana
edge modes is dependent on the structure of the system’s vortex lattice [41].
More precisely, vortex lattices containing odd number of superconducting flux
quanta per unit cell, always support an even number of chiral edge channels
and are therefore adiabatically connected to the normal quantum Hall insu-
lators. We discuss strategies to engineer chiral topological superconductivity
in proximity-coupled quantum Hall systems by manipulating vortex lattice
structure.
1This chapter is based on the research article: Gaurav Chaudhary and Allan H. MacDon-
ald, Vortex Lattice Structure and Topological Superconductivity in the Quantum Hall Regime
, arXiv:1903.12249. Allan H. MacDonald suggested and supervised the research. Gaurav
Chaudhary performed the analytical and numerical calculations. Both authors contributed
to discussion and manuscript writting. Parts of the text and figures are reproduced from
the above mentioned research article.
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The focus in this chapter is on chiral Majorana edge modes unlike the last
chapter, where main focus was on Majorana zero modes. Experimentally the
chiral Majorana edge modes have been more elusive. A recent experiment [26],
however, has identified possible signatures of the chiral Majorana edge states
in a transport study of a thin film of magnetic TI that is proximity coupled
to an s-wave superconductor [26]. The distinct transport signature related
to the chiral Majorana state relies on the presence of phase with odd num-
ber of chiral Majorana edge states, since for the phase with even number of
chiral Majorana modes, the transport signature would be identical to a quan-
tum Hall system (See chapter 6 for related discussion). As we have already
discussed in chapter 3, in their normal state, magnetic TI can be tuned be-
tween Chern insulator states that exhibits a quantized anomalous Hall effect
which changes sign upon magnetization reversal. In thin films, magnetized
TI can also become normal insulators. The Chern insulator is formed when
interactions between surface state quasiparticles and the magnetic order pa-
rameter are dominant and the normal insulator state when hybridization be-
tween the top and bottom surfaces of the film are dominant. When coupled to
an s-wave superconductor the Chern insulator state yields even-Z topological
superconductors, whereas the normal state generates a topologically trivial
superconductor. If one naively models magnetization reversal by smoothly
changing the coupling between quasiparticle spins and the magnetic order pa-
rameter between positive and negative values, odd-Z superconducting states
that support isolated Majorana edge modes appear as an intermediate phase
(See Sec. 3.2 in chapter 3). The transition between normal states with different
Chern numbers is normally tuned by using an external magnetic field to drive
magnetization reversal, which generates an intermediate state that typically
contains a magnetic domain pattern. This complicates the interpretation of
any experiment [26, 63, 64, 65, 66] (See also discussion in chapter 6). In this
chapter, we theoretically explore the possibility of following an alternative and
potentially simpler route to engineer chiral Majorana edge modes, namely by
looking near plateau transitions in ordinary quantum Hall systems.
Since the quantum Hall effect usually requires fairly strong external mag-
netic fields it has until recently generally been viewed as being incompatible
with superconductivity. Observing topological superconductivity in quantum
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Hall system has recently been identified as an important direction for theoreti-
cal and experimental work for several reasons: i) to realize parafermions which
are generalization of Majorana edge modes obtained when the fractionalized
edge modes of fractional quantum Hall systems have induced topological su-
perconductivity [67], ii) to achieve better tunability and control of multiple
chiral Majorana edge modes involving higher Chern numbers, and iii) because
of the on going debate on whether or not a half-integer quantum Hall plateau
is a unique signature of Majorana edge modes or can alternately be induced
by disorder [63, 64, 65, 66]. Since quantum anomalous Hall edge modes are
not typically quantized as perfectly as the quantum Hall edge modes in realis-
tic disordered systems even in the absence of superconductivity, it seems that
progress can be made by looking for half integer quantized Hall plateaus in
quantum Hall systems. Some theoretical progress in this direction has already
been made in a study of systems that are proximity coupled to a parent p-wave
superconductor [68].
With this motivation, we seek to identify the circumstances necessary to
achieve topological superconductivity in the quantum Hall regime. quantum
Hall/superconductor proximity systems are hybrid-2D systems with the su-
perconductor thin film in mixed states when under perpendicular magnetic
field. We show here that vortex lattice properties influences the topological
properties of quantum Hall/s-wave superconductor hybrid systems. We at-
tribute this feature to the flatness to single particle Landau levels, which lead
to bulk quasiparticle dispersion in the superconducting state that is largely de-
termined by the vortex lattice periodicity. We show that the structure of the
vortex lattice plays an important role in chiral Majorana edge mode formation
by determining the degeneracy of band crossings which can potentially drive
topological phase transitions between states with even and odd-Z topological
indices. The most important findings of this chapter apply when small number
of Landau levels host superconducting pairing from an s-wave superconduc-
tor. In this limit, the details of origin of Landau levels (such as arising from
Dirac electron or quadratic band) are not important for possible topological
superconducting phases. Instead, the vortex lattice structure plays the main
role.
The chapter is organized as follows. Section 4.1 describes a model that
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includes Landau quantization along with proximity superconductivity. Sec-
tion 4.2 discusses vortex lattice states in 2D and their relationship to elec-
tronic structure in the superconducting state. Section 4.3, discusses topological
phases from the point of view of bulk quasiparticle spectra, considering single
Landau level limit, then a minimal model containing only two Landau levels,
and then more generally including many Landau levels with a Debye cutoff.
For the purpose of illustrating the most important results, the two Landau
level model is the most important case, as well as experimentally achievable.
Section 4.4 calculates the edge spectrum and demonstrates a transition be-
tween ordinary quantum Hall edges and edges that support chiral Majorana
edge modes as the bulk topological phase is changed. Section 4.5 discusses
possible experiments that are motivated by the theoretical results. Section 4.6
contains conclusion and brief discussion.
𝑒− 𝑒−
Figure 4.1: Quantum Hall system proximity coupled to an s-wave supercon-
ductor: Because of the perpendicular magnetic field, the superconductor exists
in the Abrikosov vortex lattice phase. The Cooper pair tunneling back and
forth between the superconductor and Landau quantized normal part indicates
the proximity effect.
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4.1 Pairing in Landau levels
In this section we discuss proximity pairing in the Landau levels of a two
dimensional system. The Landau level spectrum depends on the zero field
dispersion of the system. Here, we consider a linear band crossing (Dirac)
model to describe the non-interacting system in all the calculations. 2D Dirac
systems, for example the surface states of 3D TIs, are attractive as hosts for
the physics we address because their linear band dispersion leads to large Lan-
dau level separations and quantum Hall physics at relatively weak magnetic
field strengths that are more often comparable with superconducting pair po-
tentials. However, most of the results are general and equally applicable to
ordinary non-relativistic two-dimensional electron gas (2DEG) systems de-
scribed by quadratically dispersing bands as we discuss in the App. E. We are
interested in proximitized superconductivity when these systems are close to
quantum Hall plateau transitions. A simple setup of the system is represented
pictorially in Fig. 4.1.








Here, Ĥ0(π) = −vFπ · σ is the Dirac Hamiltonian operator of an isolated
surface state of a 3D TI and vF is the Dirac velocity. The Pauli matrices σi








introduced through proximity coupling is unavoidably non-uniform due to vor-
tex lattice formation when flux penetrates the adjacent superconductor. HBdG




r↓), where ĉr↑ annihilates
a spin-up electron at position r. The perpendicular magnetic field B = Bẑ
is introduced using the Landau gauge vector potential A = (−By, 0) which
allows for a simple description of the edge modes on which we focus much of
our attention. The electron and hole subspace kinetic momentum operators
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are then defined as π = p−eA and π̄ = p+eA respectively, where p = −i~∇
is the canonical momentum operator.
The BdG Hamiltonian of the 2D Dirac vortex lattice state can be con-
veniently diagonalized in the Landau level basis. We define the Landau level
lowering and raising operators in the electron subspace of HBdG as â = (−π̂x+
iπ̂y)`/
√
2~ and â† = (−π̂x− iπy)`/
√
2~ respectively. In the absence of pairing,
Hamiltonian diagonalization reduces to the familiar Dirac Landau level prob-
lem. The eigenvalues and eigenvectors in absence of pairing are as follows:
ξN = ε0SN
√
|N |B , (4.3a)
ψN,Y (r) = NN
(
SNφ|N |−1,Y (r), φ|N |,Y (r)
)T
. (4.3b)





N 6= 0 ,
1 N = 0 .
(4.4)
Here, ε0 = vF
√
2e~, SN is the sign of N th Dirac Landau level index, Y = kx`2
is a guiding center label, ` =
√
~/eB is the magnetic length, φn,kx`2(r) =
(eikxx/
√
Lx)ϕn(y/` − kx`) is a nth Landau level wave function of the non-
relativistic 2DEG, and ϕn(y) is a one dimensional harmonic oscillator eigen-
function.
The single particle states in the hole block of HBdG can be constructed
similarly using hole space Landau level raising and lowering operators, ˆ̄a† =




|N |B , (4.5a)
ψ̄N,Y (r) = NN
(
SN φ̄|N |−1,Y (r), φ̄|N |,Y (r)
)T
, (4.5b)
where φ̄N,Y = φ
∗
N,−Y .
Next task is to calculate the matrix element of the pair potential in the
Landau level basis. The pair potential carries the information about the vortex
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lattice structure(the details on this are discussed in next section.) For the
convenience in calculating the matrix element of the pair potential ∆(r), the









vνσ,N,Y φ̄N,Y (r) . (4.6b)
Here uνσ(r) and v
ν
σ(r) are respectively the spin σ electron and hole amplitudes
of the ν-th BdG quasiparticle.
The matrix elements of the pair potential in the non-relativistic 2DEG-
Landau level basis are given by
GN,MY,Y ′ =
∫
dr∆(r)φ∗|N |,Y (r)φ̄|M |,Y ′(r) . (4.7)
To evaluate the above expression, we first define center-of-mass (COM) and








where â1 and â2 are the Landau level lowering operators of individual elec-
trons of the pair. In the transformed COM and relative coordinates, the wave-
functions φR and φr are identical to the single-particle wavefunctions except
that the characteristic lengths are scaled to account for the changes of charge
and mass. The effective magnetic lengths are `R = `/
√
2 and `r =
√
2`, for
the COM and relative eigenstates respectively. Using this transformation the





BN,Mj χ|N |+|M |−j(Yr)Fj δY ′C ,YC . (4.9)
Here YC and Yr are COM and relative guiding centers respectively and the
δYC ,Y ′C term captures conservation of COM guiding center during a scattering
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event, and






is associated with relative Landau level wavefunction. The Fj pair-potential
strength parameter in Eq. 4.9 are dependent on the details of the vortex lat-
tice of the host superconductor and the proximity coupling process, but are
expected to be dominated by the j = 0 ( minimum center-of-mass kinetic en-
ergy ) term. The BN,Mj define the unitary transformation of pair states from









where nCk = n!/[k!(n − k)!] is a binomial coefficient, N and M are single-
particle Landau level indices, and j, N + M − j are the COM and relative
Landau level indices [69, 70] In vortex lattice states the COM Landau level
decomposition is dominated by the j = 0 channel over a broad range of per-
pendicular magnetic field strengths, as can be verified using semi-classical
solutions of the non-linear Ginzburg-Landau equation [71, 69]. Truncating
the pair Hilbert space to j = 0 simplifies the BdG calculations described be-
low, mainly by reducing the number of parameters needed to specify the pair
potential to one strength parameter.
4.2 Vortex lattice states
As mentioned above, the thin film superconductor responsible for proxim-
itized superconductivity will form a vortex lattice phase over a broad range of
perpendicular magnetic field below Hc2. Figure 4.2 shows some typical vortex
lattices considered in this chapter. We will show that the vortex lattices shown
in Fig. 4.2 (a)-(b) fall in the same class and do not allow odd Z topological
superconducting phase, while vortex lattices shown in Fig. 4.2(c)-(d) can allow
odd Z topological superconducting phase. As we will explain further below,
the way in which translational symmetry is used to block-diagonalize the BdG
Hamiltonian depends on the precise lattice structure. Assuming that the COM
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Figure 4.2: Vortex lattice structure in two-dimensions: The contributions to
the BdG Hamiltonian from adjacent guiding centers couple distinct sets of
pairs as explained in the main text. The solid-black arrows indicate primitive
vortex lattice vectors: ~a1 and ~a2. The unit cell area they define is indicated by
the solid black-lines. The extended area enclosed by including the dashed-red
line is the unit cell in which the BdG Hamiltonian is diagonalized, the dotted
horizontal lines indicate the positions of the guiding centers Y = tay at which
the pair amplitude is non-zero. (a)-(b) Two examples of q = 1 (see main text)
odd-flux vortex lattices which have |∆t| = |∆t+1| = ∆0. (c)-(d) Two examples
of q = 2 even-flux vortex lattices in which |∆t| 6= |∆t+1|. Figure reproduced
from the research article arXiv:1903.12249.
Landau level index is j = 0, and choosing a Landau gauge with guiding cen-
ter orbitals extended along one of the primitive lattice vectors of the vortex
lattice, it can be shown that the pair amplitude can be non-zero only on a set
of equally spaced pair guiding centers: Y = tay, where t is an integer. For










Here t ∈ Z varies over integers and the dependence of ∆t on t determines the
vortex lattice structure.
In general, the pair potential can not have full lattice translational symme-
try and the vortex lattice translational symmetry can only be defined on the
translational symmetries of the magnitude of the pair potential in Eq. 4.12.
Such functions are called quasi-periodic. For translation λax in the x-direction
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where λ varies continuously and qay in the y-direction where q ∈ Z,



















For λ = 1 and q = 0 the translation is by ax in the x-direction. When axay =
π`2, the magnitude of the pair potential is invariant under this translation,
i.e. |∆(x+ax, y)| = |∆(x, y)|. In fact with our gauge choice the pair potential
itself is invariant for a pure x-translation by ax, without taking the absolute
value. It follows that ~a1 = axx̂ is one of the two primitive lattice vectors of the
vortex lattice. For q 6= 0, the magnitude of the pair potential after translation
along the y-direction is


















In general translational symmetry in the y-direction must be accompanied by
translation in the x-direction; i.e. the second vortex lattice primitive vector
need not be perpendicular to the first. Further, for this particular Landau
gauge choice, only the absolute value of the pair potential can be made in-
variant under the second translation, while the actual pair potential picks
up a phase. When ∆t is independent of t, invariance occurs for q = 1 and
λ = 0 so that the second translation vector is ayŷ and the vortex lattice is
rectangular (the special case of ax = ay in this class is the square vortex
lattice). We define q as the minimum non-zero integer required to satisfy














which defines a triangular vortex lattice. The specific choice of θ = −π/2 gives
the familiar expression ∆t = exp(−iπt2/2)∆0 often used for a triangular vortex
lattice. The second primitive lattice vector is then ~a2 = λaxx̂ + qayŷ. The
vortex lattice unit cell has area ẑ · (~a1 × ~a2), and contains q superconducting
flux quanta. Below, we refer to vortex lattices as even or odd, depending on
whether q is even or odd. Theoretically, q = 1 odd vortex lattices are the most
commonly studied.
In anticipation of the vortex lattice symmetry properties explained in the
previous paragraph, we partition guiding centers Y into discrete and continu-
ous contributions by writing Y = say + y where s ∈ Z and y ∈ [0, ay). Since
we are considering pairing in Dirac systems in the quantum Hall limit, we
express HBdG first in the Dirac-Landau level guiding center basis. The BdG
equations then take the form
(ξN − µ)uN,s(y) +
∑
M,s′




∗uM,s′(y) + (µ− ξN)vN,s(y) = EvN,s(y) . (4.17b)
Here we have transformed from expansion over non-relativistic 2DEG-Landau
levels in Eq. 4.6 to the Dirac-Landau levels. Consequently, for j = 0 pairing











Note that s-wave pair potentials do not pair electrons that are both in N = 0
Dirac-Landau levels, which are spin-polarized. However, an electron in the
zeroth Dirac-Landau level (N = 0) does pair with electrons from higher Dirac-
Landau levels (M 6= 0).
Equation 4.17 organizes the degrees of freedom into guiding center stripes,
with each stripe labeled by an integer s, and the guiding centers within a stripe
labeled by a continuous variable y. We note in Eq. 4.18 that pairing is allowed
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only between stripes that have indices that are both odd or both even (δs+s′,2t
term). This property implies that odd and even stripe indices decouple in the
BdG equation; i.e. we can block diagonalize the entire BdG Hamiltonian into
two susbsystems distinguished by whether the stripe index is even or odd. We
prove in the next paragraph that when |∆t| = |∆t+q| and q is odd, the even
and odd s subsystem spectra are identical. This distinction between vortex
lattice classes plays a major role in distinguishing topological superconducting
phases. We will show that only the even flux vortex lattices allow odd-Z chiral
topological superconducting phases.
For an odd value of q, we can write q = 2p + 1, where p ∈ Z. We now
examine how the pairing matrix elements in the odd subsystems are related





where n, m ∈ Z. Note that s = 2n + 1 and s′ = 2m + 1 are odd subsystem
stripe indices, and 2(n − p) and 2(m − p) are even subsystem stripe indices.
Using Eq. 4.17, the BdG eigenvalue equations for the odd subsystem can be
written as,








+ (µ− ξN)vN,2n+1(y) = EvN,2n+1(y) . (4.21b)
After the unitary transformation (ūN,2n+1, v̄N,2n+1)










the BdG eigenvalue equations are transformed to,
(ξN − µ)ūN,2n+1(y) +
∑
M,m




∗ūM,2m+1(y)] + (µ− ξN)v̄N,2n+1(y) = Ev̄N,2n+1(y) ,
(4.23b)
which are identical to those of the even subsystem. Hence, the odd and even
subsystems for an odd-q vortex lattice are equivalent. It is easy to see this
degeneracy between odd and even subsystem is in general lifted in case of
even-q vortex lattices, since there is then no similarity relation like Eq. 4.20.
In the limit ∆(r) → 0, the system has continuous magnetic translation
symmetry. In anticipation of the symmetries of the class of vortex lattice states
that we wish to consider, we can exploit the discrete magnetic translational
symmetry that remains by choosing unit cells that contain integer numbers of
electron magnetic flux quanta. To be concrete we choose AxAy = 2qπ`
2, where
Ax = 2ax and Ay = qay. With this choice the BdG problem for any general









where integer n ∈ [0, .., q − 1] and k = (kx, ky) is a Bloch wave vector with
kx ∈ [0, π/ax) and ky ∈ [0, 2π/qay). The pairing in magnetic Bloch basis is a
q × q matrix for every pair of Landau level indices N,M of pairing electrons:







× χ|N |+|M |−1((2qt+ n−m)ay + 2kx`2) . (4.25)
Since ∆t is only non-zero on integer values of t, the pairing matrix element in
k-space is only non-zero when n and m are either both even or both odd. Based
on the arguments used to prove the degeneracy for odd-flux vortex lattice, i.e.
q = 2p + 1 from the real space picture, the degeneracy can also be proven in
the k-space picture here. More precisely, in the even-odd block diagonalized
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system, the odd system with n = 2s + 1 and m = 2s′ + 1 at k = (kx, ky)
is degenerate with the even system with n = 2(s − p) and m = 2(s′ − p) at
k = (kx, ky+
π
2qay
). The algebra and linear transformation to show that follows
exactly like Eq.4.20-4.23. Now, we have formally proven that for the system in
consideration here, 2D vortex lattices have distinct classification into odd-flux
and even-flux vortex lattice. Where only the even-flux vortex lattice can host
odd-Z topological superconducting phase.
To simplify the further discussion related to degeneracy in the spectrum,
first note that irrespective of type of vortex lattice, the pairing matrix element
in Eq. 4.25 has an important translational property:
FN,Mn,m (kx, ky + π/ay) = FN,Mn,m (kx, ky) . (4.26)
For q = 1 vortex lattices the period is half the reciprocal lattice vector. This
implies that the BdG spectrum at a point k0 = (kx0, ky0) is identical to the
spectrum at k1 = (kx0, ky0 + π/ay). For the simplest even flux vortex lattices
(i.e. q = 2), the reciprocal space lattice vector length along ky is equal to
π/ay, and this degeneracy is not present.
4.3 Bulk picture
Having established all the necessary framework and formal proofs related
to distinction between the BdG spectral degeneracies of even and odd flux
vortex lattices, next we focus on some numerical results. We discuss how
spectra depend on the number of Landau levels contained within a pairing
window. We will discuss the cases of pairing within one Landau level, two
Landau levels, and many Landau levels separately. Since the main goal is to
address the connection between vortex lattice structures and the topological
phases, we study q = 2 vortex lattices as the simplest example of the even flux
vortex lattices and compare with q = 1 odd-flux vortex lattices. In addition,
we restrict our attention to the λ = 0 and λ = 1/2 cases, which for q = 1
give square and triangular vortex lattices respectively. The generality of the
results obtained from these specific choice of parameters is ensured by the
formal proof presented in last section. For the most part, we will be solving
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the BdG matrix equation:
(ξN − µ)uN,n(k) +
∑
M,m
FN,Mn,m (k)vM,m(k) = E(k)uN,n(k) , (4.27a)
∑
M,m
(FN,Mn,m (k))∗uM,m(k) + (µ− ξN)vN,n(k) = E(k)vM,m(k) , (4.27b)






Figure 4.3: (a) Bogoliubov quasiparticle spectrum with the BdG operator
projected onto the N = 1 and N = 2 Landau levels for triangular (blue) and
square (red) vortex lattices. (b)-(c) Band- touching Dirac point positions for
pairing in N = 1 Dirac Landau levels for square and triangular vortex lattices.
The band touching points at (kx0, ky0) are equivalent to those at (kx0, ky0 +
π/ay). Figure reproduced from the research article arXiv:1903.12249.
4.3.1 Pairing within a single Landau level
The simplest example of superconductivity in the quantum Hall regime
is the case in which only one Landau level lies within the pairing window.
This limit is relevant if a regime can be achieved in which the Landau level
separation is larger than the Debye pairing window energy ED of the parent
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superconductor and at the same time magnetic field weaker than its upper
critical field Hc2. This is, of course, not a regime that is frequently achieved,
but is more accessible when the proximitized system has a Dirac spectrum
with widely spaced low energy Landau levels that a parabolic system with
equally spaced Landau levels. Because of Landau level truncation, the BdG
spectrum in this limit is simply given by
E(k) = ±
√
(ξN − µ)2 + |FN,N(k)|2 . (4.28)
When the relevant Landau level energies are aligned with the chemical poten-
tial, quasiparticle energies vanish whenever FN,N(k) = 0. The positions in
momentum space at which the energies vanish are then related to the zeros of
the Hermite polynomials associated with the pairing Landau level, as noted
previously [72] in relation to spinless pairing in the zeroth-Landau level. Since
the spectrum in this limit is always gapless at some isolated k points, the rele-
vant the system is in a “semi-metallic” phase of the Bogoliubov quasiparticles.
For the simplest case of pairing in the N = 1 Dirac Landau level, all the band
touching points are Dirac like as seen in Fig. 4.3. If pairing is in N > 1 Dirac
Landau level, as illustrated in Fig. 4.3(a), both linear and quadratic band
touching points occur. For odd q flux lattices each band touching point that
appears in the interval [−π/qa, 0) are replicated in the interval [0, π/qa), as
explained in the previous section.
To further explore the topological nature of the physics in this regime we
first assume µ to be slightly away from ξN , so that spectrum becomes gapped.
Next, we write an effective 2 × 2 low energy effective Hamiltonian describing
the system near the previously (when ξN ≈ µ )band touching points,
HeffBdG ∼
(
−µ (αky ± iβkx)γ
(αky ∓ iβkx)γ µ
)
. (4.29)
Here kx, ky are measured relative to some point k0 in BZ, where FN,N(k0) = 0,
we have chosen the zero of energy to be the single-particle energy of the relevant
Landau level and the ± sign allows either chirality for the Dirac points, and





6= 0 , (4.30)
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for example γ = 1 for Dirac band touching and γ = 2 for quadratic band
touching in the limit µ = ξN . In Eq. 4.29 and α and β are constants that
depend on the Fermi velocity of the low energy Bogoliubov quasiparticle at
k0. The use of different α and β allows for the anisotropies in band touching
point velocities that can be seen in Fig. 4.3(a). The Landau level is partially
occupied when |µ| . ∆0. For Dirac band touching, the low energy HeffBdG in
Eq. 4.29 resembles the BdG matrix of a spinless p-wave superconductor near
the critical point of topological phase transition. The two topologically distinct
phases are distinguished by the sign of µ. When µ is tuned through zero, gaps
close and reopen and the system experiences topological phase transitions at
which the total Chern number changes. In finite systems, the number of edge
state channels also changes, as we discuss later. For odd q, Dirac points appear
in pairs and both Chern numbers, and as we show explicitly later, the numbers
of edge channels change by an even integers when these Dirac points appear.
The quadratic band touching points relevant to pairing in higher Landau levels
can be analyzed in a similar way.
4.3.2 Two Landau-level model
In the previous section we discussed topological phase transitions driven
by varying the chemical potential µ in a system with a single Landau level in
the pairing window. In real physical systems it is the carrier density that is
controlled by gate voltages, not µ, and µ changes irregularly with magnetic
field strength. For example at T = 0 and in the absence of pairing, µ changes
discontinuously, jumping from being pinned at one Landau level energy to be-
gin pinned at another. The minimal model that incorporates that consequence
of the strongly peaked densities of states of Landau level systems is a model
with two Landau levels in the pairing window. A q = 1 two Landau level
system has a 4× 4 BdG Hamiltonian which makes it possible to obtain closed
form expressions for eigenvalues, which are however not especially transparent.
However, the important insight is that by tuning ∆ or Landau level gap one
can close and open BdG gaps.
In the absence of superconductivity, the system is always a gapped quan-
tum Hall insulator. In principle, the gap closings and topological phase tran-







Figure 4.4: Model with two Dirac Landau levels : Energies are shown in the
ε0 = vF
√
2e~ units and ξN is N th Landau level energy. (a) Superconducting
pairing strength ∆0 that leads to the first gap closing as a function of Landau
level separation for two Landau level models of the q = 1 vortex lattices in
Fig. 4.2 (a)-(b). In these calculations the µ has been placed halfway between
Landau levels so that the lower Landau level is completely occupied and the
higher Landau level empty in the absence of pairing. Band touchings are
accompanied by transitions between a quantum Hall (QH) insulator 1 and
another QH insulator 2 state, both of which have an even number of chiral
Bogoliubov edge states. (b) Quasi-particle spectrum at a gap closing point for
q = 1 square vortex lattice. In this case there are two Dirac like gap closing
points in the first Brillouine zone. (c) When the vortex lattice symmetry
is lowered by setting the pairing strength ∆t to different values in odd and
even stripe regions, giving the vortex lattice illustrated in Fig. 4.2 (c)-(d), an
intermediate chiral topological superconductor (SC) [red region] phase appears
with an odd number of chiral Majorana edge modes. Figure reproduced from
the research article arXiv:1903.12249.
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magnetic fields to tune the energy separation between Landau levels, as shown
in Fig.4.4 (a). The value of ∆0 at which gap closes, scales with the Landau
level separation. The circumstance is closely analogous to the case of proxim-
ity superconductivity induced in the surface states of magnetically doped TIs,
the system that hosts the only established experimental example of a quantum
anomalous Hall state. In that case an intermediate topological superconduct-
ing phase appears when the surface state exchange fields are reversed to drive
the system between two different quantum Hall insulators [25]. Based on this
analogy one would expect that the first gap closing to occur as ∆0 increases
to convert the quantum Hall insulator into a chiral topological superconductor
odd-Z = 1. Here though the topological phase diagram depends on the type
of vortex lattice. In Fig. 4.4 (a) the gap closing lines mark phase transitions
between quantum Hall Insulators. The ∆0 → 0 limit in this case is a quantum
Hall state with a full N = 1 Landau level, and as we discuss later in Sec. 4.4,
two chiral edge states in the doubled BdG Hilbert space. Once the pairing is
turned on the system no longer has quantized Hall conductance, however, it
is still adiabatically connected to a quantum Hall insulator and has two edge
channels as long as the gap does not close. The difference compared to the
quantum anomalous Hall case appears when the gap closes and reopens. In
the quantum anomalous Hall model the Dirac-like gap closings occur only at
the Γ-point in momentum space and are generically accompanied by odd inte-
ger changes in the topological Z-index. One of the two BdG doubled quantum
Hall edge states survives. This is the single chiral Majorana edge mode, and
is expected to yield a half quantized conductance plateau in transport exper-
iments [73]. The BdG spectrum is determined by FN,M(k). As mentioned
earlier, for odd flux vortex lattice, each energy has even number of ks. Band
crossings therefore always occur in pairs as illustrated in Fig. 4.4 (b). This
leads to the important conclusion that in the quantum Hall transition for odd-
flux vortex lattices, the Z-index always changes by an even integer, and the
number of edge channels changes by two or multiples of two. This conclusion
will be confirmed using explicit edge state calculations in Sec. 4.4.
To achieve a chiral topological superconducting phase with an odd number
of edge modes, one needs to break this degeneracy between the even and odd
s subsystems. The simplest way is to allow different pairing amplitudes, ∆0
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and ∆1, for even and odd index stripes. With this choice
EN,Ms,s′ (y) = ∆0e
iθ(s+s′)2DN,M0 χ|N |+|M |−1((s− s′)ay + 2y) , (4.31a)
ON,Ms,s′ (y) = ∆1e
iθ(s+s′)2DN,M0 χ|N |+|M |−1((s− s′)ay + 2y) . (4.31b)
The k-space picture is modified by block diagonalizing the BdG matrix Eq. 4.27
in the odd and even system and halving the Brillouine zone along ky such that
ky ∈ [0, π/ay), since this lowers the translation symmetry, such that the small-
est repeating unit cell now contains two electronic flux quanta. The matrix







A change in topological index from even to odd cases occurs when a gap
closes in only one of the two blocks. Once the degeneracy between odd and
even system is broken, the gap closings generically occur at different values
of magnetic field in the even s and odd s blocks. The region between the
subsystem gap closings is shaded in red in Fig. 4.4 (c). We identify this region
as having a chiral topological superconductor state and an odd number of
Majorana edge modes.
4.3.3 General model with Debye cut-off
In a realistic model the number of Landau levels in the pairing window
increases with decreasing magnetic field strength. In the normal state the num-
ber of Landau level below the Fermi level is inversely proportional to magnetic
field and successive crossings between the Landau levels and the Fermi energy
leads to gap changes and jumps in Hall conductance. Here we show that for
finite pairing there are extra gap closing points associated with each Landau
level crossing, implying extra topological phase transition points. However,
for the case of odd-q vortex lattices, all these phase transitions involve simul-
taneous gap closing at two different points in momentum space and connect
one quantum Hall insulator state with another. Once the pairing amplitude
is allowed to take different values in even and odd striped regions, yielding a
q = 2 vortex lattice, band crossings occur singly. In the example illustrated in
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Figure 4.5: Bogoliubov quasiparticle gaps (in the ε0 = vF
√
2e~ units), (a)
as a function of magnetic field strength. Here µ = 1.35ε0 and a hard Debye
cutoff window of ED = 1.1ε0 is fixed. As the magnetic field is varied the
Landau levels which host pairing change. The blue curve shows Landau level
energies relative to the Fermi level in the limit of no pairing. The gap vanishes
when the relevant Landau level crosses the Fermi energy. The plot shows
Dirac Landau levels with decreasing indices crossing the Fermi level, reaching
index N = 1 at the last zero of the blue curve. The red curve plots gaps
as a function of magnetic field strength in a q = 1 vortex-lattice, i.e. for
a case with equal pairing strength in even s and odd s channels. Extra gap
closings occur as paired Landau levels cross through the Fermi level, but occur
in pairs so that the transitions are between one quantum Hall (QH) insulator
and another. The grey line calculations is for an q = 2 vortex lattice in which
the pairing strength is different for even and odd values of s. Even q allows a
chiral topological superconductor (TSC) phase to emerge in the regions that
are shaded gray. In the shaded blue region towards on left hand side of the
figure, the Landau level structure is destroyed by pairing and the low energy
states are most simply viewed as hybridized vortex core bound states. (b)
Gap as a moving from odd-flux to even-flux vortex lattice by tuning ∆0−∆1.
Starting from an even-Z phase shown by red dot in (a), as ∆0 −∆1 is tuned
keeping everything else fixed, extra gap closing occurs, beyond which, one
reaches odd-Z phase. The odd-Z phase can be further broadened with tuning
∆0 −∆1. Figure reproduced from the research article arXiv:1903.12249.
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Fig. 4.5 the gray regions show the fields strengths where the ground state is a
chiral topological superconductor. The extent of the chiral topological super-
conducting phases can be tuned by varying ∆0−∆1. At weak magnetic fields,
the Landau level gap is much smaller than ∆0, there are many Landau levels
within the Debye pairing window, and the low energy quasiparticles are best
viewed as bands formed by hybridizing vortex core bound states associated
with different vortices. In case of Dirac model, these vortex core bound states
at weak magnetic field are Majorana zero modes[74, 75], since the Dirac model
proximity coupled to an s-wave superconductor under time reversal symmetry
is the famous Fu-Kane model [22]. For the 2DEG case at weak field limit, the
low energy vortex core bound states are not Majorana. In that sense, the low
field sector indicated by the shaded blue region in Fig. 4.5 is dramatically dif-
ferent for Dirac model and ordinary 2DEG model when proximity coupled to
an s-wave superconductor, but is not the focus of this work (See Appendix E
for comparison between Dirac and ordinary 2DEG). However, the high field
sector in quantum Hall regime is qualitatively same.
4.4 Edge state picture
In this section we discuss the BdG spectrum of finite width stripes to
establish bulk-edge correspondence and demonstrate the presence of chiral
Majorana edge modes. In the continuum Dirac model we employ, we have
defined the stripes by adding a smooth confining potential around the edge of
the sample and truncating the Hilbert space to the two Dirac Landau levels.
In doing so, we have assumed that edge states from Landau levels which are
not in the pairing window but may be active at the Fermi level do not play a
role. The BdG equations then take the following form:
[ξN − µ+ Us(kx)]uN,s(kx) +
∑
M,s′
FN,Ms,s′ (kx)vM,Y ′ = EuN,s(kx) , (4.33a)




∗uM,s′(kx) = EvN,s′(kx) .
(4.33b)
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Here, the smooth confining is specified by letting
Us(kx) =
{
0 |s| ≤ Sbulk ,
U0(say + kx`
2) |s| > Sbulk .
(4.34)
Here U0 sets the strength of confining potential and Sbulk ∈ Z sets the width


































Figure 4.6: Stripe geometry spectrum (in ε0 = vF
√
2e~ units) showing edge
states in the gaps between Landau levels. States localized at opposite edges
are distinguished by color (blue and red). Note that some edge states appear
that are not related to the bulk topology. These are not present at all energies,
do not flow between bulk bands, and are distinguished by drawing them with
dashed lines. (a) Triangular q = 1 vortex lattice. At this magnetic field
strength the system has two chiral modes on each edge, corresponding to BdG
doubling of the N = 1 quantum Hall effect. (b) Triangular q = 1 vortex lattice
at a weaker magnetic field. The system now has four chiral modes on each
edge, corresponding to a BdG doubling of the N = 2 quantum Hall effect.
(c) For a q = 2 vortex lattice, (∆0 6= ∆1) there is intermediate gap closing
point as magnetic field is varied which opens up an interval of field over which
the system hosts three chiral modes on each edge. This phase is topologically
connected to chiral topological superconductivity. Figure reproduced from the
research article arXiv:1903.12249.
The stripe state calculations shown in Fig. 4.6 correspond to the bulk
calculations for the model that retains only the N = 1 and N = 2 Landau
levels. The edge states shown in Fig. 4.6 accurately describe the system when
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∆0 6 ξN+1 − ξN and the two Landau level model remains valid. Our calcula-
tions contain 100 integer s indices. In the absence of pairing the system is a
quantum Hall insulator, with edge states at the Fermi level coming from the
occupied Landau levels. In the BdG-doubled Hilbert space, these modes are
doubled but retain the same chirality due to the combination of particle-hole
inversion and momentum label reversal in the hole block of the BdG equa-
tions. For weak pairing regime the quantum Hall gaps remain open. The two
chiral edge state branches plotted as solid red and blue lines in Fig. 4.6(a),
are localized on the left and right edges respectively, and evolve from N = 1
Landau level edge states. For the odd q vortex lattices, the bulk calculations
discussed in Sec. 4.3.2 and Fig. 4.4 (a) show a topological phase transition.
On the other side of the gap closing point the system again has even num-
ber of chiral edge states as shown by four chiral edge states in Fig. 4.6(b).
This evolution is similar to ordinary quantum Hall edge state evolution, as
the magnetic field is decreased, the number of edge states increase, and for
finite stripe widths are eventually become indistinguishable from bulk states
as B → 0. To induce a topological superconducting phase with odd number of
Majorana edge mode, we allow even and odd stripes to take different pairing
amplitudes, which breaks the degeneracy between the two subsystems. As the
magnetic field strength is decreased, the even and odd subsystem gap closing
points move away from each other and the intermediate phase is a topological
superconductor that hosts three Majorana edge modes as shown in Fig. 4.6(c).
4.5 Experimental outlook
The relationship established between the vortex lattice configuration and
the topological classification of superconducting states evolves from the factor
of two difference the magnitudes of the electron and superconducting flux
quanta, and from magnetic translation group properties. It is not dependent
on the underlying zero-magnetic field electronic structure. We have focused
on two-dimensional Dirac bands here because they lead to large Landau level
separations at relatively weak magnetic fields, and therefore seem to have the










































Figure 4.7: Experimental setup for topological superconductivity in the quan-
tum Hall regime (a) Schematic of Landau levels of surface state of a thin film
3D TI with a hybridization gap between two layers. The spectrum is doubly
degenerate, (b) The Landau level degeneracy can be broken by a displacement
field between the two layers leading to normal state Landau level transitions
with odd integer Hall conductance differences, (c) A quantum Hall system
proximity coupled to a superconductor (SC) in a q = 1 vortex lattice phase,
(d) periodic in plane field, the vortex lattice structure can be modified to q = 2
vortex lattice. An odd Z phase emerges in the central superconductor covered
region. Figure reproduced from the research article arXiv1903.12249.
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Indeed, the first major experimental challenge in exploring this relation-
ship lies in achieving Landau quantization in the regime where superconductiv-
ity still survives. When the Landau level separation in a two-dimensional sys-
tem is comparable to other energy scales, like the proximitized superconducting
gap, we can expect edge states to have relatively short localization lengths and
to be experimentally accessible via transport experiments. This circumstance
is generally referred to as the quantum Hall regime. Dirac systems with large
Fermi velocities are ideal for achieving the quantum Hall regime without de-
stroying superconductivity. For monolayer graphene (vF ∼ 106m/s) and the
Dirac surface states of a 3D TI (vF ∼ 5×105m/s), the largest Landau level gap
already exceeds 10meV at B ∼ 1T . Moreover, superconductivity has recently
been successfully induced in both graphene [76, 77, 78, 79] and TIs [23, 80, 24].
The next challenge is to eliminate double degeneracies that the system
might possess in the normal state, for example degeneracies associated with
spin, since these degeneracies tend to favor even-Z topological phases. Mono-
layer graphene has spin and valley degeneracy and very weak intrinsic spin-
orbit coupling. Because of these, quantum Hall transitions in monolayer
graphene occur in multiples of four (i.e. σxy = e
2(4N + 2)/h) unless spin
and valley symmetries are spontaneously broken [81, 82, 83, 84]. This makes
monolayer graphene unfavorable for an odd-Z topological superconductivity
phase in the quantum Hall regime. The surface states of a 3D TI thin film
are effectively spinless due to strong spin-orbit coupling. However there are
two surface states, from top and bottom surfaces, and these supply an extra
degeneracy. A gate displacement field will induce a potential difference be-
tween top and bottom surfaces, λ′, which lifts this final degeneracy and leads








+ λ2 . (4.35)
Here, λ is the hybridization energy between top and bottom layer surface
states and SN = ± is the surface-dependent Dirac chirality. The potential
difference λ′ breaks the degeneracy of the N th Landau level by splitting it into
N+ and N− levels. For a typical 5-6 quintuple layers] thick 3D TI, the layer
hybridization energy λ ∼ 5 − 8 meV allowing a value of λ′ on the same scale
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to induce clear Landau level separations at around 1T field, where thin film
Nb-superconductor is well below its Hc2.
We propose an external magnetic field generalization, illustrated schemat-
ically in Fig. 4.7 (c)-(d), of the magnetized TI experiment of He et. al. [26]
in which a thin Nb film was deposited on a a thin film of a Cr doped 3D TI,
in our proposal the TI is not doped. The working principle of the transport
device shown in FIg. 4.7 is discussed in detail in chapter 6 in context of the
quantum anomalous Hall normal system. The edge transport equations re-
main unchanged in the quantum Hall case. In the case of interest here, we
propose the entire system is placed under a perpendicular magnetic field, such
that the surface states of the 3D TI are in the quantum Hall regime. The edge
states indicated in Fig. 4.7 (c), correspond to BdG doubling of the single edge
channel expected when one surface state conduction is below the Fermi level.
The two edge state channel configuration in the bare TI region is equivalent
to one quantum Hall edge state in the absence of pairing. In the region cov-
ered with the superconductor, there are two corresponding Bogoliubov edge
states. In Fig. 4.7 (d) we imagine that the vortex lattice configuration has been
manipulated by spatially varying magnetic field strength, the thickness of the
superconducting film, or any other property in a manner that is commensurate
with the natural vortex lattice so as to convert from a q = 1 vortex lattice to
a q = 2 vortex lattice. For example a weak in-plane magnetic field, which is
made to go through a nearby (but not proximity coupled to the system) bulk
superconductor to achieve a spatially periodic magnetic field profile can be
used to control the vortex lattice structure in the active system. This is equiv-
alent to tuning ∆0 − ∆1, as studied theoretically in our model calculations.
Beyond a critical value of ∆0−∆1, the surface that is covered by superconduc-
tor can host only one Bogoliubov edge state, as shown in Fig. 4.7 (d). In this
configuration, one of the two edge states from the BdG doubled space in the
bare TI region is reflected from the superconducting region and the other is
transmitted. As argued by Chung et. al. [73], such a reduction should lead to
a half-quantized longitudinal conductance plateau in two terminal transport
measurement. When the Majorana mode is induced by magnetization reversal,
it has been argued [64, 65] that a similar half-quantized conduction can result
simply from strong disorder. In the present case, vortex lattice manipulation
does not introduce additional disorder, in particular in the un-proximitized
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regions of the TI. A clear half quantized conductance plateau measured in this
way would therefore be a compelling signature of a Majorana edge mode and
more importantly an effective 2D spinless p± ip superconducting phase.
4.6 Discussion and Conclusion
In this chapter we studied a quantum Hall system obtained under a per-
pendicular magnetic field, proximity coupled to an s-wave superconductor. We
focused our attention to 2D topological superconductivity and possible chiral
Majorana edge modes in this regime. We find that vortex lattices with odd
number of superconducting flux through the smallest unit cell can not host
odd Z topological superconducting phase. The emphasis on odd Z phases is
put because the topological superconductors with even Z phases are topolog-
ically equivalent to quantum Hall insulator and in the two terminal transport
experiments proposed here and in Ref. [73] do not provide a distinct signature
for Majorana.
The regime discussed in this chapter is distinct from the usually consid-
ered isolated Majorana regime, where the isolated vortices in an effective chiral
topological superconductor with p-wave pairing symmetry host a bound Ma-
jorana zero-modes [85, 86, 74, 75]. In an external magnetic field a vortex
lattice [74, 75] forms and the Majorana modes start to overlap to form low
energy Majorana mini-bands, that are initially well separated from higher en-
ergy excitations of the superconductor. The limit considered here is reached
at still stronger magnetic fields, at which the vortices overlap substantially
and the vortex core spectrum is not well separated from rest of other excita-
tions. Moreover, in this limit, most of our results generally apply for Landau
levels emerging from non-relativistic 2DEG as well as Dirac electrons. This
is important, because in the weak field limit, the ordinary 2DEG coupled
to an s-wave superconductor is not an effective p-wave superconductor. We
have established a relationship between a classification we introduce for vor-
tex lattice structures, and the topological classifications of superconducting
phases which applies in this quantum Hall regime. Even though Majorana
mini-bands can no longer be distinguished in the bulk, Majorana edge channel
modes are present when the superconducting state has an odd Z topological
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index. Achieving superconductivity in the Landau level regime is becoming
more commonplace [87, 88, 89], but it is still a challenge. There are theoretical
predictions of superconductivity in two dimensions beyond the semicalssical
Hc2 [90, 91, 92, 69], with Tc increasing with magnetic field. Theoretically, such
re-entrant superconducting phase is possible because of very high density of
state in the isolated Landau level regime of the parent superconductor with
effective attractive interactions. However, such phase is not observed experi-
mentally, possibly due to Pauli breakdown and disorder. In our, experimental
proposal, the Landau level gap of the normal part is large enough even at
moderate magnetic field that the parent superconductor can exist in vortex
lattice phase well below its Hc2. Although most easily probed by edge-sensitive
transport experiments, the relationship between vortex lattices and topologi-
cal classification has a bulk origin, related ultimately to the difference between
the electron and Cooper-pair magnetic flux quanta.
The work in this chapter establishes important role the vortex lattice plays
in topological classification of the topological superconductors. It also opens
some possible future directions of research in this field. One important future
direction is to study the effect of disordered vortex lattice, and possibility of
using disorder to induce odd-Z topological index in the topological supercon-
ducting regime. Another important direction is to study the role of vortex
lattice in determining 1D topological superconducting phases such as studied
in chapter 3 for quantum anomalous Hall systems.
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Chapter 5
Reentrant superconductivity in strong
magnetic field
In this chapter1 we study reentrant superconductivity in strong magnetic
field for some simple multiple-band systems [93]. The particular focus is on sys-
tems with Dirac or quadratic band touching. We evaluate the sum of particle-
particle ladder diagrams for electrons in Landau levels interacting with each
other via δ(r) function attractive interaction. The attractive interaction effec-
tively models a generic Cooper pairing of electrons. For example, for a BCS
superconductor, it is simply related to the electron-phonon coupling. The di-
vergence in the sum of ladder diagrams signals Cooper instability [94], hence
can be identified as the transition between normal metal and the superconduct-
ing condensate. Overall, we obtain the magnetic field (B) versus temperature
(T ) phase diagram of transition between superconductor and normal metal,
taking into account Landau quantization of the pairing electrons.
In the semiclassical limit, when the Landau level gaps are much smaller
than the Fermi energy EF , the results are in agreement with the semiclassi-
cal B − T phase diagram, that can be obtained from the Ginzburg-Landau
theory. Near the semiclassical upper critical magnetic field Hc2 and beyond,
the quantum oscillations start to appear in the phase diagram [95, 96]. The
quantum oscillations are indication of Landau quantization becoming stronger
and comparable to the Fermi energy scale. The most interesting phenomena
occurs in the extreme quantum limit (i.e. B  Hc2), such that there are very
few Landau levels in the Debye energy window ED around the Fermi level. In
this limit, the Cooper instability re-enters every time a Landau level gets close
1This chapter is based on unpublished research article: Gaurav Chaudhary, Michael R.
Norman, Allan H. MacDonald et.al.(under preparation).
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enough to the Fermi level. Moreover for the stronger magnetic fields (when
lower Landau levels get close to the Fermi level), the reentrant superconduct-
ing dome is larger and has a higher critical temperature Tc. This happens
because of the large density of state available at the Landau level for attrac-
tive pairing interaction. This would mean that in conventional clean materials
superconductivity should persist up to fields much higher than the semiclas-
sical Hc2. This remarkable phenomena is called reentrant superconductivity
and has been theoretically studied in detail for conventional superconductors
with EF  ED [97, 91, 98, 69, 99, 100, 101, 102, 103, 104, 105]. However, this
phenomena has not been experimentally observed.
The difficulty in experimentally achieving the reentrant phase can be at-
tributed to the following reasons:
1. Usually the Fermi energy EF is much higher in superconductors and
sets the dominant energy scale. For the low lying Landau levels (where
the reentrant phase is the strongest) to coincide with the Fermi level, in
most superconducting materials may require magnetic field upto 100T
or more, which are beyond practical accessibility.
2. In the conventional spin singlet superconductors, the Zeeman splitting of
the Landau level at high field can result into scenario such that the two
pairing electrons (which are of opposite spin) can never simultaneously
come close to the Fermi level. This results in suppression of reentrant
phase.
3. One can imagine applying additional in plane field to bring N th spin up
Landau level and (N + 1)th spin down Landau level at the Fermi level
simultaneously to enhance the reentrant phase. But such consideration
requires even higher magnetic field, which was already beyond practical
limit in most materials.
4. Finally, impurity scattering can destroy the reentrant phase.
The recent advances in the observation of superconductivity in MATBG
and other moiré materials [36, 106, 107, 108] however can potentially provide
an interesting system to revisit this problem. The moiré superconducting
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systems are extremely low density superconductors2. Hence, Fermi energy is
often not the highest relevant energy scale. The low lying Landau levels can
be accessed at low magnetic field. This in itself takes care of the three of
the four above mentioned issues with observing reentrant superconductivity.
Hence, the possibility of reentrant superconductivity in these recent materials
is at the heart of the theoretical calculations presented in this chapter.
The earlier theory work on reentrant superconductivity often assumed a
single quadratic band to describe the system3. However, the lowest bands
in the moiré systems are more complicated and in case of twisted bilayer
graphene, the low energy sector is a two band system even when spin and valley
degree are ignored. With this in mind, we extend the theory to cases of simple
two-band systems with band touching of arbitrary order. As specific cases,
numerical results are presented for Dirac model and quadraic band touching
model. We show that for certain considerations for pairing interactions (such
as δ(r)-function interaction between electrons of opposite valley in context of
twisted bilayer graphene), the sum of particle-particle ladder diagrams reduce
to algebraic equations for a class of multiple-band systems. These algebraic
equations can be solved easily to obtain the B−T phase diagram which shows
reentrant superconducting behavior in the quantum limit.
The chapter is organized as follows. Section 5.1 discusses the Landau level
model and the pairing model considerations. Section 5.2 is the technical section
that evaluates the ladder sum and can be skipped to avoid technical details.
Section 5.3 contains the main scientific results of B−T superconducting phase
diagrams with focus on parameters relevant to the MATBG. Section 5.4 is the
discussion section.
We mention that this chapter does not discuss topological superconductiv-
ity and Majorana modes. However, the ideas related to the superconductivity
under broken T -symmetry are in line with rest of the thesis. Moreover, the
2The MATBG has shown superconductivity at carrier densities as low as n ∼ 5 ×
1011cm−2. In contrast bilayer of NbSe2 shows superconductivity at carrier densities of
more than 1015cm−2.
3The single quadratic band refers to bands with no spin orbit coupling, where each band
is doubly degenerate due to spin.
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technical aspects of superconducting pairing between Landau quantized elec-
trons are similar to the one employed in chapter 4 are borrowed here.
5.1 Pairing in the Landau levels
Let us consider a simple Hamiltonian that can describe a two-band system
with band touching feature:
H+(π) =
(
0 α(−πx + iπy)γ
α(−πx − iπy)γ 0
)
, (5.1)
where γ dictates the type of band touching [for example Dirac system is de-
scribed by γ = 1 and quadratic band touching is described by γ = 2) and
α dictates the parameters which shape the band (for example α is equal to
the Fermi velocity vF for Diarc system and α = 1/(2m
∗) for quadratic band
touching system, where m∗ is the effective mass of the electron]. We choose to
introduce the perpendicular magnetic field B = Bẑ using the Landau gauge
vector potential A = (−By, 0). The electron kinetic momentum operators are
then defined as π = p − eA, where p = −i~∇ is the canonical momentum
operator.




















For graphene (mono-layer or bilayer), if the above Hamiltonian describes




















(|N |+ γ − 1)(|N |+ γ − 2)...|N | , (5.5)
where SN is the sign of N . The corresponding N
th Landau level wavefunc-
tions at valley K (denoted by superscript ‘+’) and valley K ′ (denoted by the
superscript ‘−’) are respectively,
ψ+N,Y,γ(r) = NN
(





φ|N |+γ−1,Y (r), −SNφ|N |−1,Y (r)
)T
. (5.6b)
The terms appearing in the above Landau level wavefunctions are already





N 6= 0 ,
1 N = 0 ,
(5.7)
is the normalization factor, Y = kx`
2 is a guiding center label, ` =
√
~/eB is
the magnetic length, φn,kx`2(r) = (e
ikxx/
√
Lx)ϕn(y/` − kx`) is a nth Landau
level wave function of the non-relativistic 2DEG, and ϕn(y) is a one dimen-
sional harmonic oscillator eigenfunction. One can verify by substituting γ = 1,
the above Eqs. 5.5, 5.6, and 5.7 reduce to the Dirac case considered in Chap-
ter 4(See Eq. 4.3).
The instability towards the formation of a Cooper pair is associated with
the divergence in the sum of particle-particle ladder diagrams illustrated in
Fig. 5.1. In order to calculate the ladder sum of the diagrams, we need to
construct two-body eigenstates, which can be represented either as the product
of two single-particle eigenstates, or as the product of the COM and relative
coordinate eigenstates. It is important to know the connection between these
two representations, since the free-electron propagators are written in terms of
the individual electron eigenstates, while the interaction line only depends on
the relative coordinates. This connection has already been used in Chapter 4,
which is restated in the rest of this section for convenience of the reader. In a
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non-relativistic 2DEG of single band, the single-particle Hamiltonian can be
conveniently written in either forms as:







Here ωc = eB/m
∗ is the cyclotron frequency, â1 and â2 are the annihilation op-
erators for individual electrons and âR = (â1 + â2)/
√
2 and âr = (â1− â2)/
√
2
are annihilation operators for the COM and relative coordinate eigenstates
respectively. The two-particle eigenstates in the non-relativistic 2DEG can be












jCm MCm NCj−m N+M−jCM−m
2N+M
. (5.10)
In the above equation, j and N +M − j are the Landau level indices for COM
and relative coordinates respectively. The expression for the COM and relative
eigenstates φRn,X and φ
r
n,X are identical to the individual electron eigenstate






2`, respectively. Moreover, the COM and relative coordinates are R =
(r1 +r2)/2, and r = r1−r2. Finally, the coefficients BN,Mj give the amplitude
for having kinetic energy ~ωc(j+1/2) in the COM motion when the individual
particles have definite kinetic energies ~ωc(N + 1/2) and ~ωc(M + 1/2).
Before evaluating the ladder sum in next section, we mention that in
Eqs. 5.8-5.10, we have used the non-relativistic 2DEG single band to introduce
the transformation. However, our interest in this chapter is in Dirac and
quadratic band touching systems. The generalization is presented next.
5.2 Evaluation of the ladder sum
As a physical basis of this calculation, one can imagine two electrons in










N 0, K, s0
M, K 0, s
M 0, K 0, s0
N, K, s
N 0, K, s0
M, K 0, s
M 0, K 0, s0
 
N, K, s M, K 0, s
N 0, K, s0
N 00, K, s00 N 00, K 0, s00
M 0, K 0, s0
Figure 5.1: Diagrammatic illustration of the particle-particle ladder sum: The
wavy line represents the irreducible interaction and the solid lines are the non-
interacting electron Green’s function in the presence of an external magnetic
field. The indices s, s′ indicate the orbital index, in which the interactions are
assumed to be diagonal. For example in a simple bilayer graphene model, s, s′
stand for the two layers.
calculations are valid to many other models, such as attractive interaction
between electrons at same sub-lattice and opposite valleys of a monolayer
graphene [110]) interacting via some attractive interaction. The spin is not
considered here, but due to negligible spin-orbit coupling, it is straightforward

































Here the guiding center labels with subscript ‘c’ denote COM guiding
center and with subscript ‘r’ denote relative guiding center. To simplify the
notation we will make the usual assumption that the effective interaction is
independent of frequency. Then the frequency sum over iω′′ in the integral










〈n, Yr/2;m,−Yr/2|V̂ |n′′, Y ′′r /2;m′′,−Y ′′r /2〉γ
× Γγ(n′′,m′′, Y ′′r ;n′,m′, Y ′r )





′′, Y ′′r /2;m
′′,−Y ′′r /2〉〈n′′, Y ′′r /2;m′′,−Y ′′r /2| V̂ ]−1
× |n′, Y ′r/2;m′,−Y ′r/2〉 . (5.12)
Here V̂ = −V0δ(r)σ0. Above, we have changed the Landau level indices to
lower case. The quantity Kγn,m above results from the sum over intermediate
electron pair states. For a two-dimensional system
Kγn,m(iη)η→0 =
tanh[β(ξn,γ − EF )/2] + tanh[β(ξm,γ − EF )/2]
2(~iη − ξn,γ − ξm,γ + 2EF )
, (5.13)
where β = 1/(kBT ) and kB is the Boltzmann constant. Notice, we have kept
the index γ for the sake of generality to different band models in our case.
The first term on the right-hand side of the Eq. 5.12 is the two-particle ma-
trix element of the effective electron-electron interaction. For a δ(r)-function
attractive interaction, it can be calculated to give the relation below (See the
App. F for detail):













j ] . (5.14)
Finally, using the above expression for the interaction matrix element, the
kernel Γγ in Eq. 5.12 can be evaluated by summing over interactions of all
order. Importantly, the ladder sum simplifies to the sum of different COM
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channels j, (See the App. F for the details on evaluation of the following
expression):
Γγ(n,m, Yr;n




















































The different COM kinetic energy channels separate because the parti-
tioning of the quantized energy into COM kinetic energy and relative-motion
kinetic energy does not change between scattering events. This property can
be understood by noting that the COM kinetic energy is constant for the single
band non-relativistic electrons executing cyclotron orbits of arbitrary radius
when the electron positions coincide at some point in their orbits. Mathemat-
ically, it can been seen through the simple translation of H2DEG in Eq. 5.8.
In a two-band systems of Eq. 5.1, the transformation has different property
and the ladder sum in its general form does not separate into sum of dif-
ferent COM channels. The simplification we used in our interaction model,
which considers only inter-valley and intra-layer interaction is responsible for
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the simple separation of the ladder sum into COM channels. Importantly the
above mentioned approximation is likely to be the correct approximation for
bilayer graphene systems at small twist angles.













Figure 5.2: A representative normal metal-superconductor phase diagram
below semiclassical Hc2: The Cooper instability is calculated using particle-
particle ladder diagram sum which takes into account Landau quantization
of the electrons. Apart from some quantum-oscillating features, the phase
diagram agrees with semiclassical Ginzburg-Landau theory below Hc2.
The divergence ofAj,γ signals the occurrence of an instability of the system
toward the formation of Cooper pairs in COM channel j. Hence as a function of
the magnetic field and temperature the trajectory of its divergence provides the
phase diagram between normal metal phase and superconducting condensate.
From Eq. 5.16, it is clear that the divergence occurs when
Dj,γ ±Qj,γ = 1 , (5.18)
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× [SnB|n|−1,|m|+γ−1j ± SmB
|n|+γ−1,|m|−1
j ] = −1 , (5.19)
where ρ(EF ) is the normal state density of states at the Fermi energy. Next,
using the above expression in Eq. 5.19, we discuss the semiclassical and extreme
quantum limit of the Copper instability.
Majority of the superconductors have very high Fermi energy compared
to the Debye energy. In the conventional superconductor with EF  ED and
magnetic field below semiclassical Hc2, one can assume the single band limit
of the pairing and Landau level indices n,m of the pairing electrons to be
very high, such that n + m = T and n − m = t. In the limit T  |t|, the















2/(4T ) , (5.20)
where Hj is the j
th Hermite polynomial. The resultant relation that provides
















2/(2T ) = −1 .
(5.21)
For j = 0 superconducting channel, the above relation gives the well known
semiclassical expresstion for the critical temperature Tc. The Fig. 5.2 shows
a representative case of the phase diagram calculated using the ladder sum
derived above for the three lowest COM momentum pairing channels. For a
system with EF  ED and magnetic field not exceeding the semiclassical Hc2,
the phase diagram here agrees with the conventionally shown B − T phase
diagrams, apart from some small quantum oscillation features, which show
that the effect of Landau quantization start to appear close to Hc2. In the
low field region the Ginzburg-Landau theory predicts Hc ∝ Hc2/(2j + 1) for
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different COM channels j, which is also in agreement here. The fact that j = 0
channel has highest Tc shows absence of the Fulde–Ferrell–Larkin–Ovchinnikov
(FFLO) phase [112, 113] for conventional pairing in weak field limit. The
qualitative shape of the curve is also largely independent of the type of band
structure, however the critical temperature and the field dependence on Femri
level depends on band detail, mainly because of the dependence of density of
states dependence on the band model.
In strong magnetic field beyond the semiclassical case, we can assume the
single Landau level limit, where the landau level closest to the Fermi level
dominates the Cooper instability. Under this limit, assuming the dominant
Landau level n is arbitrarily close to the Fermi level, the instability is obtained











One can see that the Tc increases linearly with magnetic field for the reen-
trant phase. Hence lower Landau levels potentially have dominant reentrant
phase. Another non-trivial feature is the appearance of two Cooper instability
channels with same Tc in the reentrant phase, which is unlike the conventional
phase below the semiclassical Hc2. More specifically, for the reentrant phase of
nth Landau level, the Cooper instability channel with j = 0 and j = 2|n| − γ
have equal Tc. The Copper channel with j = 2|n| − γ has COM in higher
Landau level. Hence it is potentially an FFLO phase.
Next, we discuss the phase diagram for three different band models, i.e.,
single quadratic band model, a Dirac band model (γ = 1), and a quadratic
band touching model (γ = 2). The parameters of the model are kept such that
they resemble the observed superconductivity in the MATBG [36, 106], and
the focus is to show reentrance of superconductivity for magnetic field beyond
semiclassical Hc2.
5.3.1 Single band 2DEG
The simplest case of quadratically dispersing single band in absence of
spin-orbit coupling is considered in the earlier works [69, 103]. Notice that
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𝜆 = 0.4, 𝐸𝐹 = 40𝐾, 𝐸𝐷 = 40 𝐾
𝐻𝑐2
Reentrant superconductivity
Figure 5.3: The B−T phase diagram for a single quadratically dispersing band
model: The parameters are chosen to match the MATBG. The system shows
the domes of reentrant superconductivity with each Landau level crossing the
Fermi level.
our evaluation of ladder sum was for the two-band system, hence not directly
applicable to this case. However, the single band system is relatively simple
and the Copper instability equation looks similar to the Eq. 5.19, with some
minor changes. The reader may refer to the Ref. [69] or the App. F for the









2 = 1 , (5.23)
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for the quadratic band in 2D. To match the observed superconductivity in
the MATBG [106] below Hc2, the electron effective mass m
∗ = 0.2me, Fermi
level EF = 40K and Debye energy ED = 40K is used. The numerically
obtained phase diagram with these parameters is shown in Fig. 5.3, which
shows reentrant behavior.
5.3.2 Dirac band touching
For the Dirac band touching model, the Fermi velocity is renormalized such
that the band width of the Dirac spectrum in the moiré mini-Brillouine zone
matches the band width of the lowest bands of the MATBG. The actual value
used is v∗F = 0.027vF , where vF is the monolayer graphene’s Fermi velocity.
The numerically obtained phase diagram is shown in Fig. 5.4, which shows the
reentrant phase.
5.3.3 Quadratic band touching
The band details of the quadratic band touching case are very similar to
the single non-relativistic 2DEG band. However, the presence of two bands
allows consideration of the case with ED > EF , which is potentially the case
in the experiment. Moreover, the quadratic band touching case is likely to
be the closest yet simple enough band model for the magic angle case. The
numerically obtained B − T phase diagram is shown in Fig. 5.5, obtained at
same parameters as the single 2DEG band but with twice the Debye energy.
The phase diagram shows reentrant superconductivity.
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𝜆 = 0.4, 𝐸𝐹 = 40𝐾, 𝐸𝐷 = 60 𝐾
𝐻𝑐2
Reentrant superconductivity
Figure 5.4: The B−T phase diagram for a Dirac band touching model: Fermi
velocity v∗F = 0.027vF , where vF is the monolayer graphene Dirac velocity to
match the MATBG. The system shows the domes of reentrant superconduc-
tivity with each Landau level crossing the Fermi level.
5.4 Discussion and conclusion
In conclusion, we have derived exact particle-particle ladder diagram sum
for electrons occupying Landau levels of a class of two band models and inter-
acting with each other via δ(r) function attractive interactions. Specifically the
band models considered are models with any arbitrary order n band touch-
ing. A simplification employed is that interaction is diagonal in the orbital
basis. This model is likely to be relevant in the bilayer graphene systems, if
the superconductivity is due to conventional electron-phonon coupling.
The divergence in the ladder sum of attractive interaction model signals
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𝜆 = 0.4, 𝐸𝐹 = 40𝐾, 𝐸𝐷 = 80 𝐾
𝐻𝑐2
Reentrant superconductivity
Figure 5.5: The B − T phase diagram for a quadratic band touching model:
The parameters are chosen to match the MATBG. The system shows the
domes of reentrant superconductivity with each Landau level crossing the
Fermi level.
Cooper instability at mean field level. The solutions of the ladder sum show
presence of reentrant superconducting phase well beyond semiclassical Hc2.
This reentrant phase has not been experimentally observed. However, it is
unclear if there is a fundamental reason for it to not exist or the limitations
are related to the achieving required experimental conditions. At purely the-
oretical level, our calculations are related to finding mean-field solutions to
electrons interacting via attractive interactions in Landau level. Where our
calculations reveal that at purely mean field level, just like in the semiclassi-
cal limit of low magnetic field, the Landau quantized electrons can also show
Copper instability. However some of the qualitative features of this emergent
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superconducting phase can be different from the conventional situation, such
as possible emergence of FFLO phase. At a more physical level, there may be
some additional effect coming into play when one reaches this regime, which
suppresses the reentrant phase due to some reasons not considered in our cal-
culations. Optimistically, it is possible that the reason this phase has not been
observed is purely due to inability to achieve the very high magnetic field
required to reach this regime in conventional high density BCS superconduc-
tors. If that is the only limitation, we show that experimental progress can
be achieved in recently discovered superconductivity in moiré materials, where
the reentrant phase is achieved at relatively moderate magnetic field (below
10T for example in our calculations). This can potentially uncover new class
of exotic superconducting phases.
Finally, there has been recent efforts in understanding the single particle
flat bands of the MATBG in close analogy with the Landau levels [114, 115,
116]. Depending how close this analogy is, it is worthwhile to understand the
nature of the superconducting phases emerging from electrons in Landau level.
Our calculations also make progress in that direction.
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Chapter 6
Experimental progress, interpretations, and
discussion
In this thesis, we have focused on superconductivity when electrons in
their non-interacting limit are in some Chern insulator phase, namely, either
the quantum Hall or the quantum anomalous Hall phase. The main focus is on
proximity coupled systems, where a trivial insulator induces superconductivity
in a non-interacting system exhibiting quantized Hall conductance.
The quantum Hall based systems require strong external magnetic field,
where we have shown the importance of the vortex lattice physics. Although
the quantum Hall based systems can potentially show new exotic topologi-
cal superconducting phases [117, 67], the magnetic field requirement makes it
difficult to achieve. Significant progress has been achieved in proximity in-
ducing superconductivity in quantum Hall edge states [118, 88, 89, 119]. The
progress in the field of thin film superconductors with very high upper critical
magnetic field is a promising development for the future experiments in this
direction [120].
The quantum anomalous Hall effect does not require strong external mag-
netic field and over the last few years there has been significant progress in
high quality magnetic TI samples with exceptional quantization of the Hall
conductance plateau [51]. The progress made in proximity inducing supercon-
ductivity in the quantum anomalous Hall system has led to some interesting
experimental advances recently [26, 37], which is discussed in this chapter.
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6.1 A quantum anomalous Hall/superconductor based
transport device
A proposal to detect chiral Majorana edge modes in a quantum anomalous
Hall/superconductor based device via a transport experiment was first put
forward by Chung et. al. [73]. In this section, we review their theoretical
proposal.
Consider a two terminal transport experiment in a device shown schemat-
ically in Fig. 6.1(a). To understand the edge transport, the device can be
divided into three 2D bulk regions. The central region has an s-wave su-
perconductor covering the quantum anomalous Hall system, which induces
superconducting gap via proximity effect. The topological characterization of
this region is already done in chapter 3. As shown in Sec. 3.2.1, the central
region can exhibit N = 0, 1, and 2 topological superconducting phase via
suitable tuning of the parameters. The two regions on the either side can
exhibit quantum anomalous Hall effect and can only show N = 0, 2 phases,
i.e. a trivial insulator and a quantum anomalous Hall insulator respectively.
Hence depending on the scenario, in the Majorana representation (BdG dou-
bled basis), the edge states can have the configurations as shown in Fig. 6.1
(b)-(d).
Assuming the edge state configuration shown in the Fig. 6.1 (b)-(d) is
achievable in the experiment, then because at the edge any electronic transport



































Here the operator âje annihilates an electron outgoing from the lead j
and the operator b̂je annihilates an incoming electron in lead j. And the
combination âje± â†je or b̂je± b̂
†
je, represent a chiral Majorana edge state upto
a normalization constant. The matrix elements r and r′ are the reflection
amplitude at the central superconductor covered region between lead 1 and

















Figure 6.1: Transport experiment setup: (a) A two terminal setup with the
superconductor covering the central portion of a quantum anomalous Hall
(QAH) system: (b) When the central region behaves as N = 2 topological
superconductor, the two Majorana at the edge are transmitted through the
central region. (c) When the central region behaves as N = 1 topological
superconductor, one of the Majorana is transmitted and one is reflected from
the central region. (d) When the central region behaves as a trivial supercon-
ductor, both the Majorana are reflected back.
central region. Because in this picture a quantum anomalous Hall edge state
is interpreted as two Majorana edge state and all the edge states transport
is coherent in Majorana, if one assumes the situation shown in Fig. 6.1(c),
where the central region being in the N = 1 phase, one of the Majorana is
transmitted and the other reflected back. The reflection and the transmission
matrix elements must be unit in magnitude:
|r| = |r′| = |t| = |t′| = 1 . (6.2)
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Following the superconducting generalization of the Landauer-Buttiker









[−g21(V1 − Vsc) + (1− g12)(V2 − Vsc)] , (6.4b)
where,
gii = RN −RA , (6.5a)
gij|i 6=j = TN − TA , (6.5b)
and RN , RA are the normal and Andreev reflection probabilities respectively,
and TN , TA are the normal and Andreev transmission probabilities respectively.
Following Eq. 6.2 and 6.3,




Substituting Eq. 6.5 and 6.6 in Eq. 6.4 and taking the limit V1 = −V2 = V ,








Hence for the transport device shown in Fig. 6.1, when the central region
is N = 1 topological superconductor and the region on the two sides are in
quantum anomalous Hall phase [see the configuration in Fig. 6.1(b)], the two
terminal conductance must be half-quantized in the units of e2/h. One can
similarly show that when the central region is N = 2 topological supercon-
ductor [See Fig. 6.1(b)] or N = 0 topological superconductor [See Fig. 6.1(d)],
the two terminal conductance is unit quantized or zero respectively.
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6.2 Experimental observations
The above mentioned transport device has been achieved in two recent ex-
periments [26, 37]. The experimental device is based on a magnetically doped





Figure 6.2: The two different transport studies based on the device shown in
Fig. 6.1: The panel on the left (a),(b) shows data from He et. al. [26] [Science
357, 294–299 (2017)]. The panel on the right (c), (d) shows data from similar
device by Kayyalha et. al. [37][ arXiv:1904.06463].
As discussed in chapter 3, the tuning of the quantum anomalous Hall ef-
fect in a magnetic TI is done via tuning of the mass term of the two layer
model Hamiltonian. Experimentally, the tuning of the mass term is equivalent
to the tuning of the magnetic order of the magnetic dopants in the TI, which
is done via application of a small external perpendicular magnetic field. The
N = 1 topological superconducting phase is expected to appear as an inter-
mediate phase when the magnetic TI undergoes the quantum anomalous Hall
transitions.
Figure 6.2 shows data from the two recent experiment on the above men-
tioned device [26, 37]. Both experiments show half quantized two terminal
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conductance [See Fig. 6.2(a) and Fig. 6.2(c)]. However, their interpretations
are different. The panel on the left shows, along with small regions of half
quantized plateau of the two terminal conductance as expected near quantum
anomalous Hall transition; a quantized two terminal conductance when the
magnetic TI is deep in its quantum anomalous Hall phase. The panel on the
right on the other hand shows only half quantized two terminal conductance
for the entire range of the magnetic field.
If the picture of coherent transport of the Majorana at the edge is cor-
rect as shown in Fig. 6.1(b)-(d), when the normal part is deep in its quantum
anomalous Hall phase, the central region must eventually reach N = 2 topo-
logical superconducting phase shown in Fig. 6.1 (b). In this scenario, both the
Majorana modes are coherently transmitted through the central region. This
scenario must give a quantized two terminal conductance as seen in the left
panel of the Fig. 6.2. Thus, along with the observation of the half quantized
two terminal conductance, the observation of the quantized two terminal con-
ductance is necessary for the Majorana transport (next section shows that it
is not sufficient). The experiment on the right panel [37] of Fig. 6.2 definitely
does not have Majorana edge state and the experiment.
6.2.1 Disorder induced transport
Here we discuss an alternate scenario proposed independently by Huang
et. al. [65] and Ji et. al. [64] that can also provide the transport signature
seen in the left panel of the Fig. 6.2 without the coherent transport of the
Majorana at the edge.
Using the Eq. 6.4 to describe the quantum transport and based on the
device symmetry, substituting g11 = g22 = g and g12 = g21 = g̃, we write down





g̃2 − (1− g)2
g + g̃ − 1
]
. (6.8)
The conditions on the above equation to yield half quantized two terminal
conductance is simply g̃ = g. The coherent Majorana transport picture sat-
isfies only one point of this general condition. Now, to understand another
alternative physical scenario that satisfies the above condition, first imagine
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Figure 6.3: The percolation picture of the quantum anomalous
Hall/superconductor device: (a) When the normal part is deep in quantum
anomalous Hall phase, the electronic edge state is coherently transmitted
through the central region and shows quantized two terminal conductance.
(b) and (c) When the normal part is close to its quantum anomalous Hall-
normal insulator transition, the critical region is described through percolation
of domains of different topological character. For the electronic edge state to
transport near the critical point, it has to go around the highly disordered
domains of different topological phase and in the process it loses coherence
and becomes an equal incoherent mixture of electron and hole. This scenario
can also give half quantized two terminal conductance. (d) When the normal
part becomes trivial, the electronic edge state is reflected back from the central
region and the two terminal conductance vanishes.
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the central region is not superconducting, instead is a bulk metal. This is
possible if the superconductor can not proximity induce the pairing gap effec-
tively. In that case the superconducting region in the middle simply behaves
as a reservoir for the electronic edge state and the two ends of of the edge
state at the central region experience the same chemical potential. All the
transport coefficients are simply g = g̃ = 0 in this case, and one again gets the
half quantized two terminal conductance. This is likely to be the case with
the experiment in the right panel. However, this is not the case in the exper-
iment on the left panel, because it shows a quantized conductance plateau at
larger magnetic fields, along with the half-quantized plateau. Next, we show
that effect of disorder can lead to the physical scenario similar to the above
mentioned metal reservoir scenario exactly in the experimental region where
half-quantized conductance plateau is observed.
The magnetic TI are inherently disordered systems, in particular when
they are close to the quantum anomalous Hall transition. This is because when
magnetic order of the ferromagnetic dopants is controlled via external magnetic
field, the transition happens through domains of magnetically ordered and
disordered dopants. One can understand the system near transition using
percolation picture qualitatively presented in the Fig. 6.3. Near the critical
point presented in the Fig. 6.3(b) and (c), the percolation domains are highly
disordered and spread throughout the bulk. For the electronic edge state
to transport through the central region, it has to find a path around these
domains. In doing so, the initially 1D edge state has to effectively travel a
long trajectory going through the bulk, where it has finite tunneling amplitude
into the regions of N = 0 domains. During this process with the domains of
different topological character, the edge state loses its coherence and becomes
an equal mixture of electron and hole. This phenomena is qualitatively similar
to the central region behaving like a normal metal even if it induces proximity
gap. Hence near this critical region, the system can exhibit half-quantized
two terminal conductance without the coherent transport of the Majorana.
Importantly, when the magnetic TI is fully magnetized and is deep in its
quantum anomalous Hall phase, it can coherently transport the electronic
edge state and show the quantized two terminal conductance as seen in the







Figure 6.4: Topological phase diagram of the bilayer magnetic TI proximity
coupled to s-wave superconductor as function of the interlayer coupling of the
two layer of the TI. In the simple model, the width of the N = 1 phase remains
unchanged, whereas the width of the N = 0 phase changes.
and show that, it can reproduce the experimental data of He et. al. [26] shown
in left panel of Fig. 6.2.
6.3 Discussion
In conclusion, even after recent experimental progress in achieving high
quality quantum anomalous Hall devices and proximity coupling them to the
superconductor, the experimental signatures of topological superconductivity
and chiral Majorana edge modes in these systems are under heavy debate [26,
63, 65, 64, 66, 37].
The debate can be divided at two levels or arguments:
1. First, is it possible to proximity induce coherent superconductivity at
mesoscale size devices, when the superconducting coherence lengths are
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much smaller? The argument is based on early theoretical work [122],
which studies a quantum Hall edge state encountering a superconduc-
tor along one of the edge. In a semi-classical skipping orbit picture of
the quantum Hall edge state (one can expect the basic idea still applies
to quantum anomalous Hall edge state even when the skipping orbit
picture is not valid.), every time an electron bounces off the supercon-
ducting wall, it comes back as a hole due to Andreev reflection. Hence
the semicalssical orbits alternate between electron and hole character. If
the superconductor is along the entire edge of the quantum Hall device,
because of the repeated Andreev reflection with the superconductor, the
edge state acquires a steady state, which is an incoherent equal mixture
of electrons and holes. In this picture, the transport device discussed
here will always show half quantized conductance per quantum Hall edge
irrespective of how deep in quantum (anomalous) Hall phase is the non-
proximitized part. This picture is argued by Kayyalha et. al. [37] to
explain their observation of persistent half quantized plateau shown in
the right panel of Fig. 6.2. However, the theory [122] assumes the super-
conducting region along the quantum Hall edge to be trivial. Hence on
the other side of the quantum Hall edge (in the superconductor), there
is no possibility of coherent transport of the edge state. This leads to
the incoherent mixture of the electron and hole resulting from multiple
Andreev reflection. If the superconducting region is topological (which
is at least possible from the simple models considered here), the super-
conducting side can allow the coherent transport. Thus simply based on
this argument, if the central region of the device can have clear N = 1
topological superconducting phase, the transport experiment can work
in principle.
2. Second, is it possible to distinguish between disorder induced transport
data and data due to coherent transport of the Majorana? The progress
in this direction can be made by observing the trends in the size of dif-
ferent plateaus associated with different topological region as the details
of the sample are changes. Figure 6.4 shows the topological phase di-
agram as a function of the interlayer hybridization; obtained from the
simple coupled Dirac model for the magnetic TI and the uniform prox-
imity model for the induced superconductivity as studied in chapter 3.
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The interlayer hybridization parameter can be tuned by performing ex-
periments on TI samples of different thickness. Interestingly, the width
of the N = 1 phase is independent of the TI thickness, while width of
the N = 0 phase changes as shown in the Fig. 6.4. In the language of
the of the transport experiment, this means that half-quantized plateau
should remain robust with the same plateau width while the width of the
zero conductance plateau changes for the experiments on the TI films of
different thickness. Of course, all this can change as the microscopic de-
tails will change with different samples and the phase diagram may not
closely resemble the one obtained in the toy model. To understand these
effects more comprehensively, as future work we are solving the system
self consistently to see how the size of different topological regions change
in a microscopic model. This can help predict the contrasting behavior
of plateaus originating from topology versus originating from disorder as
a function of the experimental conditions with greater confidence.
The above experimental issues in this system are specific to the efforts to
observe 2D topological superconducting phase and are not necessarily an issue
for the 1D topological superconductivity through fabricating quasi 1D struc-
tures. This is because of the larger system size of the 2D possibly limiting the
coherently induce proximity gap and the N = 1 phase being predicted as an
intermediate phase when the normal part is under quantum Hall transition.
Thus making disorder an unavoidable feature. The 1D topological supercon-
ductivity studied in Chapter 3 of this thesis is not affected by these factors
because of, (i) of the smaller size of the 1D system, and (ii) the non-trivial
Z2 = −1 phase in 1D limit is achieved when the normal part is deep in its
quantum anomalous Hall phase, thus the disorder issues become irrelevant.
Hence the quasi 1D structures based on the quantum anomalous Hall device
is a promising platform to create and manipulate Majorana zero modes.
Finally, the earlier theory work [25] on which the above mentioned exper-
iments are based, does not consider the effect of vortex lattice. Even though
the experiments are performed at very weak magnetic field, the inherent thin
film nature of the superconductor implies that even at small magnetic field the
108
superconductor is in its vortex lattice phase1. Chapter 4 of this thesis makes
progress in this direction. We show that under vortex lattice state, the type
of vortex lattice can determine if the system can host even or odd number of
chiral Majorana edge states. One can imagine tuning the vortex lattice in this
system to observe the effect on the experimental conductance plateau, since if
they are induced by disorder their tunability via vortex lattice is not expected.
1The active system size in the experiment is about 1mm× 1mm and the half-quantized
plateau are observed at B ∼ 0.02T and B ∼ 0.2T , which corresponds to average inter-vortex






Here for a general 2×2 Hamiltonian, we show the the conventional expres-
sion for Berry curvature, which involves derivatives on eigenstates is same as
the solid angle expression used in main text 2.2.1. A general 2×2 Hamiltonian
projected over the Pauli matrices,
H(k) = h0(k)σ0 + h(k) · σ . (A.1)
has eigenvalues and normalized eigenvectors











For the further discussion, it is convenient to parametrize the eigenvectors
























































The Berry curvature of the nth band is defined as


















The evaluation of the Berry curvature requires the derivative of the eigen-

























































Substituting Eq. A.7 in the Berry curvature expression in Eq. A.6 takes































































which can be cast into the expression of Berry curvature that depends on the
























In the BdG construction because of the particle-hole redundancy introduced
by doubling the Hilbert space, one only need to consider the lower band. The





Here we derive some exact relations to describe topological phase bound-
aries for the magnetic TI thin film proximity coupled to an s-wave super-
conductor studied in chapter 3. Since all the interesting low energy physics
appears near Γ-point, it suffices to consider the gap closing and opening at Γ





∆̂† −H∗0 (0) ,
)
(B.1)
where H0 is defined in Eq. 3.6 and ∆̂ is defined in Eq. 3.4. We consider the case
of µ = λ′ = 0. For a realistic system with superconductor only introducing pair
potential in bottom layer, ∆t = 0. Substitution of kx = ky = 0, simplifies the
8×8 BdG Hamiltonian and allows for simple exact expressions for topological
phase boundaries even for the realistic parameters.




















4m2 + ∆2 − 2λ) = 0 . (B.2d)




Pairing matrix elements in Landau level basis
In this section we derive expression for pairing matrix element in the Lan-
dau level basis. The evaluation involves calculating the integral in Eq. 4.7. For
the sake of generality, the pair potential ∆(r) when solved self consistently in











The pair potential used in the main text is simply just keeping only the j = 0
channel of the above form. The pairing matrix element between non relaticistic










2r)φ∗N,Y (r)φ̄M,Y ′(r) , (C.2)
after substituting the pair potential, the matrix element involves integrals
over product of three Landau level wavefunctions. Since φ̄M,Y ′ = φ
∗
M,−Y ′ ,
transforming Y ′ → −Y ′(since it is just a dummy variable in current form),
and using the transformation to the COM and relative coordinate systems,
the identity [69]
φN,Y (r1)φM,Y ′(r2) =
∑
j
BN,Mj φRj,Yc([r1 + r2]/2)φ
r
N+M−j,Yr(r1 − r2) , (C.3)
can be used. Here the transformation matrix BN,Mj is defined in Eq. 4.11, Yc,
and Yr are COM and relative guiding centers respectively. The transformation













































Here Yc = (Y + Y












which after sum over t and using Eq. 4.10 and substituting χ|N |+|M |−j for
ϕ|N |+|M |−j is the same as written in Eq. 4.9 of the main text. When the
guiding centers are represented by integer stripe index and a continuum as
described in main text, the COM and relative guiding centers are described
as,
Yc = (s+ s




Yr = (s− s′)ay + (kx − k′x)`2 , (C.6b)
and the condition δYc,tay , gives kx = −k′x, s + s′ = 2t. The above matrix
elements are calculated in the non-relativistic 2DEG Landau level basis for
the compactness of the expression, however, all the numerical calculation in
our main text are performed in Dirac Landau level basis. The transformation



































Above only j = 0 pairing channel is retained. Here DN,Mj is defined in Eq. 4.19
of the main text. Using the integer stripe index and continuum label repre-




Vortex lattice symmetry and magnetic Bloch
states
When the superconductor has vortex lattice symmetry, such that |∆t+q| =
|∆t|, we first write the integer index s of the guiding center as pq + m, such
that
Y = (pq +m)ay + kx`
2 , (D.1a)
Y ′ = (p′q +m′)ay − kx`2 . (D.1b)
Then the pairing matrix element coupling guiding centers Y and Y ′ in this





× χ|N |+|M |−1([q(p− p′) + (m−m′)]ay + 2kx`2) . (D.2)
In this representation the BdG matrix equation takes the form (only the upper




















To diagonalize the above matrix equations, we now transform to the mag-
netic Bloch states defined on the electron and hole part of the Landau level



































FN,Mn,m (k)vνM,m(kx) = E(k)uνN,n(k) , (D.6)
is obtained for n ∈ [0, .., q − 1]. Here the Fourier representation of the pairing
matrix element is obtained as:







× χ|N |+|M |−1[(2qt+ n−m)ay + 2kx`2] . (D.7)
For the purpose of the discussion next in App. E, we also explicitly write
down the pairing matrix element for electrons in ordinary non-relativistic
2DEG Landau levels:







× χN+M [(2qt+ n−m)ay + 2kx`2] . (D.8)
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Appendix E
Superconductivity in non-relativistic 2DEG
Landau level
Here, we extend the discussion in the chapter 4 to the non-relativistic
2DEG Landau levels and show the main results of inducing superconductivity
in quantum Hall regime and the connection between vortex lattice structure
and odd-Z classification of topological superconductivity is insensitive to this
detail. Although the low field limit of the two cases is dramatically different.
To convey the main point through simplified analysis, we consider only the
q = 1 case.
To have a good comparative understanding of the two cases, first consider




±|FN,N(k)| Dirac Landau level ,
±|DN,N(k)| Ordianry 2DEG .
(E.1)
only differs through the order of the Hermite polynomial appearing in the
pairing matrix element. Now notice that, the single Landau level pairing
matrix element for Dirac Landau level has odd Hermite polynomial of order
2|N |− 1, while for ordinary 2DEG, has even Hermite polynomial of order 2N .
Because of this, FN,N(k) = −FN,N(−k) and DN,N(k) = DN,N(−k). Hence,
irrespective of type of vortex lattice, the BdG Hamiltonian in single Landau
level is odd parity for Dirac case and even parity for ordinary non-relativistic
2DEG case. This means only the Dirac case in its single Landau level limit
can be an effective p-wave system. Now focusing on only k = 0 point, the
Dirac case is gapless at that point with Dirac touching point, while ordinary

























Figure E.1: Bulk BdG quasiparticle spectrum at strong (a) and (c) vs weak
(b) and (d) field. For the Dirac model of the normal state, as the magnetic field
is decreased the lowest energy vortex core bound states are at zero energy as
shown in (b). This indicates the system is effective p-wave superconductor as
predicted by Fu-Kane model [22]. In contrast when Landau levels of ordinary
2DEG are proximity coupled to s-wave superconductor, in the weak field limit,
the lowest vortex core bound state is at finite energy as shown in (d). This is
expected for an s-wave superconductor. Figure is reproduced from the research
article arXiv1903.12249.
The discussion in single Landau limit, although brings out qualitative
difference between effective pairing symmetry of Dirac Landau level case com-








Figure E.2: A representative case of finite width spectrum (in the units of
ε0 = ~ωc of two ordinary 2DEG Landau levels proximity coupled to an s-wave
superconductor. For clarity, we have removed the non topological edge state
from the figure. The red and blue denote opposite edges. Hence, the system
has exactly one chiral edge mode. The parameters are chosen fictitiously, such
that Landau level gaps and superconducting pair potential amplitudes are
comparable. Figure is reproduced from the research article arXiv1903.12249.
struction single Landau level cannot drive topological phase changes in either
scenario. If we turn to the opposite limit of weak magnetic field where many
Landau levels contribute to pairing, the situation is again dramatically dif-
ferent for Dirac and ordinary non-relativistic 2DEG case. Dirac case with
T -symmetry proximitized to an s-wave superconductor is shown to be an ef-
fective p-wave superconductor [22], while the ordinary 2DEG case is s-wave
superconductor. This can be seen in the Fig. E.1(b) and (d). In the isolated
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vortex limit, which is relevant at weak magnetic field, an s-wave supercon-
ductor binds Caroli-de Gennes-Matricon states to the vortex core, which have
energy levels En ∼ (n+ 1/2)∆2/EF , where ∆ is the superconducting gap and
EF is the Fermi energy and n is a positive integer [123]. This can be seen
by the finite energy of the lowest energy band in Fig. E.1(d). In contrast for
the p-wave superconductor vortex core levels have energy En ∼ n∆2/EF [124].
This is evident in the Fig. E.1 (b) with the zero energy band of vortex core
states. In terms of possibility of Majorana, this means the Dirac case can
bind Majorana zero modes at the vortex core under suitable conditions, while
the vortex core bound states for non-relativistic 2DEG case is always complex
fermion because of the associated finite energy.
For the intermediate limit of a few Landau level, which is of focus in chap-
ter 4, the qualitative physics for Dirac and non-relativistic 2DEG is similar. In
particular, in context of possibility of odd or even number of chiral Majorana
edge modes, the vortex lattice structure is the main tuning knob. As shown in
Fig E.2 for a representative case of two landau level model of ordinary 2DEG,
the odd number of chiral Majorana edge modes can be achieved by suitable




Sum of particle-particle ladder diagrams
In this section we calculate the particle-particle ladder diagrams already
calculated in chapter 5 in detail. While doing so, we derive some of the iden-
tities used in Sec. 5.2. This section should be read alongside Sec. 5.2. The
diagrams upto second order are shown in Fig. F.1. The calculations are pre-
sented by showing interaction order by order for first two order and nth order
and then deriving their sum.
F.1 First order interaction
The interaction matrix element for δ function interaction between the pair
of non-relativistic Landau levels can be evaluated using the transformation to
the COM and relative states:

























N+M−j(−Yr)φrN ′+M ′−j(−Y ′r ) . (F.1)
For the double band system considered in chapter 5, the interactions diagonal








N 0, K, s0
M, K 0, s
M 0, K 0, s0 N
0, K, A M 0, K 0, A
N, K, A M, K 0, A
+
N 0, K, B M 0, K 0, B
M, K 0, BN, K, B
(first order)
N 0, K, A M 0, K 0, A
N, K, A M, K 0, A
N 00, K, A M 00, K 0, AD
N, K, A M, K 0, A
+






M 0, K 0, B
M, K 0, BN, K, BN, K, B M, K 0, B
N 0, K, B
N 0, K, B


















A B ,	  B
Figure F.1: The illustration of the type of ladder diagrams calculated here:
For bilayer graphene A and B denote the two layer and for monolayer graphene
they denote two sublattices. The interaction line is diagonal in A and B, how-
ever the free particle propagation is not because the non-interacting Landau
level eigenstates are not diagonal in A and B.
evaluates to







[SNSN ′B|N |−1,|M |+γ−1j B
|N ′|−1,|M ′|+γ−1
j
+ SMSM ′B|N |+γ−1,|M |−1j B
|N ′|+γ−1,|M ′|−1
j ]
× φr|N |+|M |+γ−2−j(−Yr)φr|N ′|+|M ′|+γ−2−j(−Y ′) . (F.2)
Above the COM guiding center labels are removed from the expression since
COM guiding center is conserved during interaction.
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F.2 Second order interaction
For the single band non-relativistic 2DEG, there is only one second order
diagram, which is evaluated as
∑
N ′′,M ′′,Y ′′
K0N ′′,M ′′〈N, Yr/2;M,−Yr/2| V̂ |N ′′, Y ′′r /2;M ′′,−Y ′′r /2〉0



















In contrast for the two band systems considered in chapter 5, there are four
diagrams at the second order as shown in the Fig. F.1. The second order ladder
diagrams are then the sum of these four diagrams represented algebraically
below:
∑
N ′′,M ′′,Y ′′
KγN ′′,M ′′〈N, Yr/2;M,−Yr/2| V̂ |N
′′, Y ′′r /2;M
′′,−Y ′′r /2〉γ









φr|N |+|M |+γ−2−j(−Yr)φr|N ′|+|M ′|+γ−2−j(−Y ′r )
×
{[











































In evaluating the above expressions, the following identities are used:
∑
Yr
φr|N |+|M |−j(−Yr)φr|N |+|M |−j′(−Yr) = δj,j′ , (F.5a)




These identities are used in the evaluation of all the higher order diagrams
without further mention. In particular the identity in Eq. F.5a allows the
separation of diagrams as sum of COM channels.
For compactness, we represent the diagonal and off-diagonal terms of the




















F.3 nth order interation
For the simple single band quadratically dispersing 2DEG, the nth order






N ′′,M ′′,Y ′′
K0N ′′,M ′′ |N ′′, Y ′′r /2;M ′′ − Y ′′r /2〉〈N ′′, Y ′′r /2;M ′′ − Y ′′r /2|V̂ )n





















For the two band cases, the evaluation of higher order diagram is more
conveniently evaluated in pair of orders. For example evaluation of (n)th +
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(n + 1)th order diagrams can be done rather easily because of the odd and
even order combination. We substitute n = 2m and the diagram sum for the






N ′′,M ′′,Y ′′
KγN ′′,M ′′ |N
′′, Y ′′r /2;M
′′ − Y ′′r /2〉〈N ′′, Y ′′r /2;M ′′ − Y ′′r /2|V̂ )2m
+ V̂ (
∑
N ′′,M ′′,Y ′′
KγN ′′,M ′′ |N
′′, Y ′′r /2;M
′′ − Y ′′r /2〉〈N ′′, Y ′′r /2;M ′′,−Y ′′r /2|V̂ )2m+1
]









φr|N |+|M |+γ−2−j(−Yr)φr|N ′|+|M ′|+γ−2−j(−Y ′r )
×
{[
(SNSN ′B|N |−1,|M |+γ−1j B
|N ′|−1,|M ′|+γ−1





























(SNSM ′B|N |−1,|M |+γ−1j B
|N ′|+γ−1,|M ′|−1

































F.4 Sum of all orders
After establishing the general expression of sum of ladder diagram of any
order, we need to sum over all orders. For the single band quadratic case, the
sum of all orders follow simply from the sum of geometric progression and one
can obtain expression consistent with the Ref. [69].



















































(D +Q)2m+1 + (D −Q)2m+1
2
. (F.9b)
One can obtain the final expression shown in Eq. 5.15 and Eq. 5.16 in chapter 5.
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[122] H. Hoppe, U. Zülicke, and G. Schön, “Andreev reflection in strong mag-
netic fields,” Physical Review Letters, vol. 84, pp. 1804–1807, feb 2000.
[123] C. Caroli, P. D. Gennes, and J. Matricon, “Bound fermion states on a
vortex line in a type II superconductor,” Physics Letters, vol. 9, pp. 307–
309, may 1964.
[124] N. B. Kopnin and M. M. Salomaa, “Mutual friction in superfluidHe3:
Effects of bound states in the vortex core,” Physical Review B, vol. 44,
pp. 9667–9677, nov 1991.
142
